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Non-N e wtonian -flow  formation  in  Couette  motion  in  magnetohydrodynamics  with 

time-varying  suction 
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Department  of  Mathematics,  Faculty  of  Education,  Ain  Shams  University,  Heliopolis,  Cairo,  Arab  Republic  of  Egypt 
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This  paper  is  an  analysis  of  an  incompressible  flow  of  electrically  conducting  non-Newtonian  fluid  between  two  infinite 
parallel  walls  one  of  them  moving  with  a  uniform  velocity  under  the  action  of  a  transverse  magnetic  field.  The  moving  wall 
is  subjected  to  a  suction  whose  magnitude  oscillates  with  respect  to  time  over  a  constant  mean.  In  our  analysis  we  are  taking 
into  account  the  induced  magnetic  field;  a  matter  that  is  neglected  by  the  majority  of  the  previous  work.  The  main  results  show 
that  the  effect  of  the  viscoelasticity  of  the  fluid  is  to  decrease  both  the  flow  and  the  induced  magnetic  field. 

Cet  article  est  une  analyse  de  l’dcoulement  incompressible  d’un  fluide  non  newtonien  dlectriquement  conducteur  entre  deux 
parois  parallfcles  infmies  dont  l’une  se  ddplace  &  vitesse  uniforme  sous  Taction  d’un  champ  magnfitique  transversal.  Cette  paroi 
mobile  est  soumise  k  une  succion  dont  la  grandeut  oscille  en  fonction  du  temps  autour  d’une  moyenne  constante.  Dans  notre 
analyse,  nous  prenons  en  compte  le  champ  magnStique  induit,  qui  a  6t6  n6gligd  dans  la  majority  des  travaux  antdrieurs,  Les 
rdsultats  principaux  montrent  que  l’effet  de  la  viscodlasticitd  du  fluide  est  de  diminuer  k  la  fois  l'dcoulement  et  le  champ 
magndtique  induit. 

[Traduit  par  la  redaction] 
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Introduction 

Because  of  their  extensive  use  in  industry,  non-Newtonian 
fluids  have  gained  considerable  importance  (1-4).  The  Old- 
royd  model  has  been  modified  by  Walters  (5).  This  modified 
model,  known  as  liquid  B' ,  is  generally  accepted  as  valid  for 
elastico-viscous  fluids  such  as  oils,  polymers,  etc.,  which  have 
short  memories.  Beard  and  Walters  (6)  solved  the  boundary- 
layer  equations  for  liquid  B'  for  the  case  of  two-dimensional 
flow  near  a  stagnation  point  when  the  elastico-viscous  param¬ 
eter  is  very  small. 

The  steady  and  unsteady  Couette-type  flows  in  Newtonian 
hydrodynamics  and  hydromagnetics  that  are  subject  to  wall 
suction  have  been  discussed  by  several  authors  (7-11).  Kata- 
giri  (12)  has  studied  the  Couette-flow  formation  in  magneto¬ 
hydrodynamics  (MHD).  Neglecting  the  induced  field,  he  solved 
the  momentum  equation  by  the  method  of  Laplace  transfor¬ 
mation.  Muhuri  (13)  considered  the  more  general  case  wherein 
the  velocity  of  the  moving  wall  varies  as  (time)"  and  where  the 
walls  are  subjected  to  uniform  suction  or  injection.  Balarm  and 
Govindarajulu  (14)  have  obtained  exact  solutions  for  the  same 
problem  by  taking  the  induced  field  into  account  and  the  mag¬ 
nitude  of  the  Prandtl  number  equal  to  one. 

This  report  treats  analytically  the  flow  of  an  elastico-viscous, 
incompressible,  and  electrically  conducting  fluid  between  two 
infinite  parallel  walls  one  of  them  moving  with  a  uniform  veloc¬ 
ity.  The  system  is  stressed  by  a  magnetic  field  of  constant 
strength  acting  perpendicular  to  the  walls. 

Basic  equations 

The  constitutive  equation  for  incompressible  elastico-vis¬ 
cous  fluids  suggested  by  ref.  5  is 

[1]  T,y  =  2  (x  dtJ  -  2  kJL,j  +  4  <{)  d?daj 

where 


a ,  (acceleration  vector)  =  7  +  vmvfm 
dt 

vf  is  the  velocity  vector.  A  comma  followed  by  an  index  implies 
covariant  differentiation.  |x,  ka,  and  <j>  are  material  constants 
representing,  respectively,  viscosity,  elastico-viscosity,  and 
cross- viscosity  coefficients  of  the  fluid. 

The  basic  equation  of  MHD  neglecting  the  displacement  cur¬ 
rents  and  free  charges  are  (15) 

[2]  V  •  H  =  0 

[3]  VA  H  =  J 

[4]  VA  E=-p.e™ 

Ohm’s  law 

[5]  J  =  v{E  +  |xev  A  H) 

the  equation  of  continuity 

[6]  V  •  v  =  0 

and  the  momentum  equation 

[7]  ~  +  (v  ■  V)v  =  --V  P  +  -  V  •  r  +  —  J  AH 


du  =  (^)  (A,  +  v,,) 


Here  H  is  the  magnetic  field,  E  the  electric  field,  J  the  current 
density,  and  t  is  defined  by  [  1  ] .  p,  p,e,  <r,  and  P  denote,  respec- 
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tively,  the  density,  magnetic  permeability,  conductivity,  and 
fluid  pressure.  Eliminating  E  and  /  from  [3]-[5]  we  get 


[8]  ^  =  VA(vAfl)  +  r\V2H 

ot 

where  t)  =  (|xe  or)- 1  is  the  magnetic  diffusivity. 

Analysis 

We  consider  the  shear  flow  between  two  infinite  parallel 
walls  at  a  distance  h  apart.  The  lower  wall  moves  with  a  uni¬ 
form  velocity  U  while  the  other  is  at  rest.  A  suction  whose 
magnitude  oscillates  in  time  over  a  constant  mean  is  applied  to 
the  moving  wall.  A  uniform  magnetic  field  H0  is  imposed  nor¬ 
mal  to  the  walls.  The  fluid  is  assumed  to  be  elastico-viscous 
obeying  Walter’s  see  ref.  5,  incompressible,  and  electrically 
conducting  whereas  the  walls  are  taken  to  be  nonconducting. 

We  take  the  x  axis  along  the  lower  wall  and  the  y  axis  normal 
to  it.  Since  the  plates  are  infinite  in  extent  all  quantities  are 
functions  of  y  and  t  only.  We  have  v  =  (k,  v,  0)  and  H  =  (Hx, 
H  ,  0).  From  [2]  we  get  Hy  =  H0,  the  applied  field.  Equation 
[6]  gives 

[9]  v(f)  =  -U(l  +  te'l  e«l 


which  is  the  velocity  of  the  suction  that  consists  of  a  basic  steady 
value  U  with  a  weak  time-varying  component.  Let  us  introduce 
the  nondimensional  quantities  as  follows: 

v  4v  U2 

y  =  t  =  -2t„  w  =  — v', 


« -  Uuv  h  =  Hjalt  p  =  p U2PX 

Using  [9],  [7]  and  [8]  may  now  be  written  in  the  nondimen¬ 
sional  form  after  dropping  the  suffix  1 


[10] 


1  du 
4  at 


(l+cOr 

dy 


#u  1  d2u 

dy 2  4  dy2dt 


-  (l+ee,M'0 


rni  dP*  iwee'"" 

1  J  dy  ~  4 

where  P*  is  the  modified  pressure  given  by 

2 

i  an1 

P*  =  P  -  (2k  +  X*) 


(rf-T"2 

\dyj  2 


[i2]  A  —  _  ( i  +  e  tiw')  —  -  —  =  — 

11  4  dt  U  6  ’  dy  dy  RmdY2 


1/2 


is  the  magnetic-pressure  number,  Rm  =  vlr\  is  the  magnetic 
Reynolds  number,  v  =  p7p  is  the  kinematic  viscosity, 

k  -  k0  V2/ pv2 

is  the  elasticity  parameter,  and  X*  =  0  U2/ pv2  is  the  cross¬ 
viscosity  parameter. 

The  boundary  conditions  are 

y  =  0, :  t  =  1,  H  =  0 

[13] 

y  =  1, :  k  =  0,  H  ~  0 
For  small  values  of  e,  we  write 

u(y,t)  =  u,(  y)  +  eu2(y)  tlw‘ 

[14] 

H(y,t)  =  Hl(y)  +  tH2(y)  e'*" 

The  functions  u,,  u2,Hl}  and  H2  then  satisfy  the  set  of  equations 


ku\  +  +  u\  +  s2H\  =  0 


kuZ 


iwkti 


+  m,  +  M, 


[15] 


-  ku\  -  u\ 


+  Rmu\  +  RJt\  =  0 


+  KJi'i  ~  i^f1  +  RJi  =  -RJi i 

with  the  boundary  conditions 

y  =  0 :  w,  =  1 ,  u,  =  0,  H,  =  H2  =  0 

[16] 

y  =  1  :  «,  =  u2  =  0,  Hx  =  H2  =  0 

Equations  [15]  reduce  to  those  governing  the  flow  of  a  New¬ 
tonian  fluid  if  it  =  0. 

Also  we  find  that  the  order  of  the  governing  equations 
increases  from  two  to  three  owing  to  the  presence  of  the  elastic 
property  of  the  fluid.  To  have  an  unique  solution  of  [15]  sat¬ 
isfying  the  boundary  conditions  in  [16],  we  follow  Beard  and 
Walters  (6)  and  assume  the  solution  in  the  form 

u\  =  Mio  4"  ku u,  Hi  =  Hi0  +  kHu 

[H] 

Kj  —  1^20  4*  ku2V  H i  —  H10  *t  kH22 

This  assumption  is  satisfied  in  the  case  of  liquids  with  short 
memories,  see  Walters  ref.  5. 

Inserting  [17]  in  [15]  and  equating  the  coefficients  of  k,  we 
obtain  for  the  particular  case  Rm  =  1 

[18]  u'lo  +  u',o  +  s2Hlo  =  0 

[19]  Hlo  +  H[0  +  «io  =  0 

[20]  kYi  +  un  +  =  -u'lo 


where 
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[21]  mi  +  H {,  +  u"n  =  0 


[22]  u\ o  +  u2 o - -j®  +  s^H'ya  =  -m'10 


[23]  /4  +  +  «;0  =  -«io 


[24]  «22  +  Mj2 - ^  +  S%22 


[25]  +  H’n  -  —32  + 

where  a  prime  denotes  differentiation  with  respect  to  y.  The 
boundary  conditions  now  reduce  to 

“10  =  1*  “n  =  0,  «j0  =  J<22  —  0 

[26] 

ffio  —  f^2o  ffn  “  ^22  —  0  at  y  ~  0 

“lO  =  “20  =  «ll  =  «22  =  0 

[27] 

ff,o  ~  ^20  —  ~  ^22  ~  0  aty  =  1 


“io  ~  £ 


,  ,  The  solution  of  the  system  of  equations  [18] -[25]  subject  to 
=  -u'  —  n'  -  u“  |  ,wuio  the  boundary  conditions  [26]  and  [27]  is  obtained  analytically 
4  as 


(ex2  -  1)(1  -  eVj  +  (ex3  -  1)(1  -  ex2>)  +  2(ex2  -  l)(ex3  -  1)' 
2(ex2  -  l)(ex3  -  l) 


[29]  u"  =  {[sXj  +  (s3  -  3s2  +  s  -  1)  (ex2  -  1)]  (1  -  ex2>)  (ex3  -  l)2  +  s\\  (ex2  -  1)  (ex3  -  l)2y  eV 


+  [sX|  +  (s3  +  3 s2  +  s  +  l)(ex3  -  l)](ex2  -  1)2(1  -  e^)  +  rX3  (e‘*2—  l)2(ex3-  l)y  ex3>}  /  4s(exz- 1)2  (ex3- 1)2 


2/  '  2X2  ex2>’  2X3  ex3y  X2  (ex«  -  ex2)  ex3y  X2  (ex3  -  ex2)  ex4* 

w  _(ex2  -  1)  (ex3  -  1)  (e^2  -  i)  (ex3  -  ex4  (ex2  -  1)  (ex3  -  ex4) 


X3  (exs  -  ex3)  exsy  X3  (ex3  -  exs)  eV  ' 
(ex3  -  1)  (ex6  -  exs)  (ex3  -  1)  (ex«  -  exs_ 


[31]  u22  =  {b\et  +  e2  +  r6y )  ex3y  +  {b2e3  +  e4  +  r8y) eV  +  (b]es  +  e6  +  rwy ) eV 


+  (b\  e,  +  e8  +  r12  y)  eV  +  (r,  +  rjy)  ex2y  +  (r,  +  r^y)  ex3y 


^10  — 


(ex2- 1)(1  -ex3v)  -  (ex3- 1)(1  -ex2y)~ 
2i(ex2-  l)(ex3- 1) 


[33]  H, ,  =  {(ex2 - 1)2  (1  - ex3>)  [  - 2(ex3  - 1)  +  X^  ex’]  +  X|(ex2  -  l)2  (ex3  -  l)y  eV 


+  (ex3  -  l)2  (1  -  ex2v)  [2(ex2  -  1)  +  X^ex2]  -  Xf(ex2  -  l)(ex3  -  l)yex2>} 


r34  H  |  2i\  [  X2  ex2'  X3eV  |  X2  (ex4  -  ex2)  ex>v  X2  (ex3  -  ex2)  eV 
ws)  [(ex2  —  1)  (ex3  —  1)  (e^2  -  1)  (ex4  -  ex3)  (ex2  —  l)(ex3  —  ex4) 


X3  (ex6  -  ex3)  exsy  X3  (ex3  -  exs)  eV 
(ex3  -  1)  (ex6  -  exs)  +  (ex3  -  1)  (ex«  -  exJ) 


[35]  H2 2  =  (b]  +  p3y)  ex.vv  +  (b2  +  P4y)  eV  +  (b3  +  p5y)  ex*v  +  +  p6y)  eV 


+  (Pi  +  p9  +  Pi  y)  ^  +  (P2  +  Pio  +  p%  y)  ^ 
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X2  =  s  —  1 ,  X3  =  —  (s  +  1 ,  X3 


‘X2  ±  (X2  +  iw)112" 

'X3  ±  (X?  +  iw)'12’ 

2  J’ 

Ke  ~  [  2 

W9Jtfj-l)  -jj  +NU  [(25-1)  -jj  -  (i-l) N,  -  N, 

iw  I  iw 

W  “A^12  [(25  +  1)  +  — J  +  (5+  1)A^2 -N4' 

-  ■  -  ■  . .  . - _ _ _ _  • 

iw  iw  .  , 

T[T  "25(5+ 1)J 


-Ns 

3  25  [(5- 1)2  +  iw]'12'  4_ 


-  —  *«  r  *7  r  zUl 

2 5  [(5-  l)2  +  iw]'12'  5  2 5  [(5+  l)2  +  iw]'12’  6  25  [(5+  l)2  +  iw]'12 


P  [5(5-l)/V„-(5-l)/V3]  p  [s(s+l)Nl2+(s+l)NA 

’’ (7)  [7 -**-»]'  '"(7)  [7 -*■♦»] 

(iwV  7  "  Ws'  u] 

P9  =  [5(5-1Wm-(5-1)N5]  -  r - 

ivv(25-  1) 

- - - 25(5- 1)2 


L4 

iw(25-  1) 


-  25(5-1 

—  -  25(5 


n  * 

-l)2 


fiw\  [iw  1 

[5(5+  l)N12  +  (5+  1W4]  I  j)  j  -25(5+  1) 


25(5+1) 


2  iw(2s+ 1) 


«.  =  — fo-H  e2  =  (~  j  {p3  [52  -  x;  5  -  (2x;  +  i)(x;  +  dj  -  n3\ 

e <  =  (£j  {p<  l*2  -Ks~  (2X4  +  1)(X4  +  1)]  -  1VJ,  e5  =  ~ 


=  u)  [s2  +  X*5  ~  (2X5  +  1)(X5  +  DJ  -•  ^7}.  e7  =  (^~X3) 


—  ^2) 


*8  =  (  -  )  {p6  [s2  +  M  "  (2X6  +  1)(X6  +  1)]  -  /V8} 


^  -  (=)  H + w»  “  *■ +  -  [««-  »-?]*} 
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-10.0  -8.0  -6.0  -4.0  -2.0  0.0 


HxlO*2 

Fio.  7.  The  induced  magnetic  field  is  plotted  against}’  for s  =  3.0, 
w  =  2.0,  and  t  =  it. 


elasticity  of  the  fluid  is  to  decrease  the  flow.  Figure  3  snows 
that  for  it = 0. 1 ,  the  velocity  increases  when  the  mag;  letic  pres¬ 
sure  number  s  decreases,  while  Fig.  4  shows  that  for  &=0.01 
in  the  range  {y :  0  *£  y  «  0.46},  the  velocity  decreases  when  s 
increases.  But  in  the  range  {y  :  0.46  <  y  ^  1},  the  velocity 
increases  when  s  decreases. 

In  the  next  step  we  discuss  the  effect  of  the  viscoelasticity 
of  the  fluid  and  the  magnetic-pressure  number,  on  the  induced 
magnetic  field  H  taken  in  this  research. 

Figures  5-7  show  that  the  induced  magnetic  field  H  increases 
when  the  non-Newtonian  parameter  k  decreases,  while  H 
increases  with  s. 
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~2(j-l)(eK4-ex2)\: 


N,= 


•■M) 


Nf.  = 


yv7  = 


«H<ex2-  l)(ex4-ex  3) 

-2(s-l)(eX3-ex2)\2  (\4  ~~j 
* 

i'w(ex2  -  l)(ex  3-ex4) 

2(5+  l)(ex6-cx3)  \\ 

iw(ex3-  l)(ex6-exs) 

2(5+  l)(exJ-exJ) 


/V.» 


M) 


n9  = 

A'io  = 

w»»- 

NI2  : 
A  = 
A,= 


w(ex3-  l)(ex«-ex5) 

(5- 1)  [(s3  -  2s2  +  25  +  1)  CX2  -  (5+  1)] 
452(eX2-l)2 

=  ~(5+l)[(53  +  252  +  25  ~  l)eX3  -  (5+1)1 
452(ex3- 1)2 

-fr-1)3 

45(eX2-l) 


(5+1)3 


■  45(ex3-l) 

•  » 

(«S  “  *iX*3  -  -  ex5)(ex6  -  eX3)  +  (e7  -  «,)(e3  -  e7)(ex4  -ex6)(eX3  -  exs) 

Q~e~Q2  {[<?3  ®X4  {Q~e^  ~  ei tK  (2,-e3C2)  +  03(*7-e3)] 

x  [ex3(G,-e7Q2)  -  ex6(0,-e5e2)+  04(e7-e5)]  -  [ex4  (0,  - e702)  -  exe  (0,-e302)  Qfa-e,)) 

x  le$  ex*  (Q\-e-,Q2)  -  e7ex6(0,-e502)  +  03(e7-e5)]} 


A,  = 


-1 


;  {[es  ex5  (0, - e,02)  -  e,  ex3  (0, - e5Q2)  +  '■'  <- es)} 


a3  = 


A,  = 


(0i  02) 

x  [(0,-e,02)ex6  -  (0,  -e702)  ex3  +  03(«,-*7)]  -  [(0,-e,02)  ex3 

~  (Qi-esQ2)ex3  +  (e,-es)04]  [0,  -  e,02V7  exe  -  (0,-e702)ex 3  +  (et~e7)Q3]} 

77~~,  {[-(0,-e,02)e3ex4  +  (0,-e302)Cl  ex3  +  (e3-et)Q3] 

e\> 

+  [(<?3  -  <?,)exfi  -  (e7-c,)  eX4  +  (e7-e3)ex3]  -  [  —  (0,  —  e,02)  ex-» 

+  (0|-e»C2)ex3  +  (e3-e,)04]  [(e3-e,)e7  exe  -  (e7~et)e3  ex->  +  (e7-e3)e,  ex3]} 

- — ~-  {((e3-pl)e,eX5  -  (e5-e,)e3ex4  +  (es-e3)e]  ex3] 

\  tV 


X  [-(C,-e,(?2)ex4  +  (Qt ~e3Q2)  ex3  +  (e,-e,X2J  [(«,-«,)  e^s  -(«s-«,)ex4  +  (e5- 

x  t-(Q,-c,Q2)«3  cx4  +  (G.-ejfijJe, 


Ci  “  -(ri  +  r2  +  c2  +  «4+e6  +  e-8) 

C2  =  “(Pl+P2+P9+Plo) 

C3  =  ’-lO’i+fj)  ex2  +  (r2+r4)ex3  +  (r6+«2)ex3 
+  (rg  +  *4)ex4  +  (r10+c6)ex3  +  (r12  +  e8)  exft] 
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An  in  .cgral  approach  to  the  theoretical  analysis  for  the  skin  friction  of  a  non-Newtonian,  power-law-fluid  flow  over  a  wedge 
is  presented,  when  the  inertia  terms  in  the  boundary-layer  equations  are  small  but  need  consideration.  The  method  adopted 
for  the  solution  of  the  equations  considers  an  integrated  average  value  of  the  inertia  terms  in  the  momentum  equation.  The 
values  of  the  velocities  and  the  boundary-layer  thickness  obtained  from  the  hydrodynamic  analysis  are  used  for  the  calculation 
of  the  thermal-boundaiy-layer  thickness.  A  linear  velocity  profile  is  assumed  for  the  flow  field  within  the  thermal  boundary 
layer  as  the  fluids  chosen  for  the  analysis  are  high-Prandtl-number  fluids.  The  results  of  the  skin  friction  and  the  rates  of  the 
heat  transfer  are  tabulated  for  a  number  of  values  of  the  flow  behaviour  index,  n,  varying  from  0.05  to  5.0.  This  analysis  is 
applicable  to  viscous  polymer  solutions  having  high  Prandtl  numbers. 

On  prgsente  une  approche  integrate  k  l’analyse  du  frottement  de  surface  dans  l’dcoulement  autour  d’un  coin,  pour  un  fluide 
non  newtonien  k  loi  de  puissance,  lorsque  les  temies  d’inertie  dans  les  Equations  de  la  couche  limite  sont  petits  mais  doivent 
Stre  consid6r6s.  La  mdthode  adoptle  pour  la  resolution  des  equations  considfere  une  valeur  moyenne  int6gr£e  des  termes  d’inertie 
dans  l’equation  de  l’impulsion.  Les  valeurs  des  vitesses  et  de  l’epaisseur  de  la  couche  limite  obtenues  k  partir  de  l’analyse 
hydrodynamique  sont  utilisdes  pour  le  calcul  de  l’dpaisseur  de  la  couche  limite  thermique.  On  suppose  un  profit  de  vitesse 
lineaire  pour  le  champ  d’dcoulement  k  l’interieur  de  la  couche  limite  thermique,  etant  donnd  que  les  fluides  considers  dans 
cette  analyse  sont  des  fluides  a  nombre  de  Prandtl  61cv6.  Les  rdsultats  concemant  le  frottement  de  surface  et  les  vitesses  de 
transfert  de  chaleur  sont  mis  en  tables  pour  un  certain  nombre  de  valeurs  de  l’indice  de  comportement  de  l’dcoulement,  n, 
variant  de  0,05  &  5,0.  Cette  analyse  est  applicable  aux  solutions  de  polymfcres  visqueux  ayant  des  nombres  de  Prandtl  dltvds. 

[Traduit  par  la  redaction] 
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1.  Introduction 

Non-Newtonian  fluids  have  gained  importance  with  the 
increased  use  of  plastics,  emulsions,  slurries,  pulp  etc.,  which 
do  not  obey  a  linear  relationship  between  the  stress  tensor  and 
the  deformation  tensor.  The  behaviour  of  the  fluids  can  be  bet¬ 
ter  described  by  the  power-law  relation 


where  m  stands  for  the  consistency  index,  n  >  1  for  dilatant 
fluids,  and  n  <  1  for  pseudoplastic  fluids.  Most  of  the  fluids, 
nevertheless,  are  non-Newtonian  in  behaviour. 

Kubair  and  Pei  (1)  studied  the  theoretical  combined  laminar- 
free  and  forced-convection  heat  transfer  to  non-Newtonian 
fluids  in  external  flows.  Chen  and  Radulovic  (2)  presented  an 
analysis  of  steady  forced-convection  heat  transfer  in  the  incom¬ 
pressible,  laminar-boundary-layer  flow  of  power-law  fluids  past 
wedges  having  a  step  change  in  the  wall  temperature. 

Gorla  (3)  carried  out  an  analysis  of  the  transient  thermal 
response  of  a  power-law  non-Newtonian  fluid  over  a  wedge 
with  a  step  change  in  the  surface  temperature. 

Acrivos  and  Shah  (4)  presented  a  theoretical  analysis  of  the 
laminar  flow  past  arbitrary  surfaces  for  non-Newtonian  fluids 
of  power-law  variation.  The  problem,  of  predicting  the  drag 
and  rate  of  heat  transfer  from  an  isothermal  surface  was  con¬ 
sidered.  Inspectional  analysis  of  the  modified  boundary-layer 
equations  yield  a  general  relationship  for  both  the  drag  coef¬ 
ficient  and  for  the  Nusselt  numbers  as  functions  of  the  gener¬ 


alized  Reynolds  and  Prandtl  numbers.  The  numerical  study  of 
the  flow  past  a  horizontal  plate  is  included.  The  shear  stress 
coefficients  c{n)*  and  c(n)**,  obtained  from  the  exact  analysis 
and  the  Acrivos  analysis,  respectively,  were  tabulated  and  com¬ 
pared.  This  paper  has  improved  upon  the  values  of  c(n)**  and 
used  the  improved  values  for  the  calculation  of  the  hydrody¬ 
namic  boundary-layer  thickness,  which  ultimately  leads  to  the 
calculation  of  heat-transfer  rates. 

Chen  (5)  suggested  a  new  approach,  based  on  the  two-region 
model,  to  analyse  the  heat-transfer  problems  of  a  laminar  flow 
of  a  Newtonian  fluid  passing  a  wedge  at  small  Prandtl  numbers. 

2.  Analysis 

Boundary-layer  equations  are  usually  applied  to  the  flow 
problems  where  the  Reynolds  number  is  large.  The  local  Rey¬ 
nolds  number  can  be  written  as 


On  perusal  of  the  above  equation,  the  following  inferences  can 
be  drawn  (4): 

(0  If  n  <  2,  the  Reynolds  number  is  large  provided 
Ux  is  sufficiently  large. 

(»)  If  tt  >  2,  the  Reynolds  number  is  large  only  when 
Ux  is  sufficiently  small. 

Hence  the  boundary  layer  equations  can  be  applied  to  non- 
Newtonian  fluid-flow  problems  provided  the  above  conditions 
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In  terms  of  the  new  variables,  [1]  and  [4]  can  be  transformed 


Fio.  1 .  Configuration  of  wedge  flow. 

are  satisfied.  For  moderate  values  of  Ux,  the  inertial  terms, 
though  small  in  the  boundary  layer  equations,  require  inclusion 
in  the  analysis.  In  this  situation  where  the  inertial  terms  are 
small  but  warrant  consideration  in  the  boundary-layer  equa¬ 
tions,  the  present  analysis  is  carried  out  to  obtain  the  solution 
for  the  skin  friction  and  the  heat-transfer  rate. 

For  a  constant-property  fluid,  with  the  steady-state  laminar 
flow  over  a  wedge  with  body  forces  neglected,  Fig.  1 ,  the  gov¬ 
erning  equations  are  as  follows: 

Continuity  equation 

in 

a*  ay 

Momentum  equation 

r„,  du  ,  du  ,,  dt/oo  ,  m  d  r  (du\ 
dx  dy  dx  p  3y  [  \3y/ 

Boundary  conditions 

y  =  0,  «  =  v  =  0 

[3] 

y  =  8,  u  =  U„  =  CxM,  ^  =  0 


Assuming  the  inertial  forces  to  be  small,  the  momentum 
equation  can  be  modified  by  including  the  integrated  average 
value  of  the  inertial  term  over  the  boundary-layer  thickness. 


To  facilitate  the  mathematical  analysis,  we  define  the  new  inde¬ 
pendent  variable  as  Y  =  8-y  and  dependent  variable  as 
V  =  -v 


We  get 


dy  =  -dF,  —  = 


9»  3V 
dy  ~  dY 


to 

du  d  V  _ 

0 

[5] 

dx  +  dY~ 

[6] 

dU  A. 

u  ~ —  +  V  — 

L  m8Jo  \ 

n  ( -taX 

00  dx  ay[  \  dy)  m 


along  with  boundary  conditions: 

At  y  =  0,  u  =  Un,  ^  =  0 

a  i 

At  y  =  8,  u  =  V  =  0 

The  integral  expression  on  the  left-hand  side  of  [6]  is  a  function 
of  x  on  integration  with  respect  to  Y.  The  second  term  is  also 
a  function  of  x  since  l/*  =  Cx".  Therefore,  the  left-hand  side 
of  [6]  is  a  function  of  x  only. 

Let 

[71 

and  hence 


181  n[  (-!?)']■*» 


Integrating  [8]  with  respect  to  Y  and  using  transformed  bound¬ 
ary  conditions,  it  can  be  shown  that 


=  n»,  «]  y 


u  =  -t«l»i(*)]1/"-7T-W<1+"y"  +  I/« 


4»i  to  = 


1  +  n  Up* 
n  &(1+n)"' 


[9]  u  =  U»  1  -  I  - 


and  from  the  continuity  equation  [5] 
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Table  1.  A  comparison  of  the  values  of  c(n)  for  different  n  using  three  different  methods 


n 

This 

work 

c(n) 

Acrivos 

results 

c(n)** 

Exact 

solutions 

c(n)* 

Deviation 
of  present 
results  from 
exact 
solution 
(%) 

Deviation 
of  Acrivos 
results  from 
exact 
solution 
(%) 

0.05 

0.9621 

0.926 

1.107 

5.39 

8.9 

0.1 

0.9198 

0.860 

0.969 

0.507 

11.2 

0.2 

0.8312 

0.75 

0.8725 

4.74 

14.0 

0.3 

0.7456 

0.655 

0.7325 

1.78 

7.75 

0.5 

0.5954 

0.5180 

0.5755 

3.97 

9.99 

1.0 

0.3631 

0.323 

0.332  06 

9.34 

2.7 

1.5 

0.2453 

0.238 

0.2189 

12.06 

8.7 

2.0 

0.1778 

0.169 

0.1612 

10.30 

4.8 

2.5 

0.1363 

0.133 

0.1266 

11.17 

8.4 

3.0 

0.1088 

0.109 

0.097  06 

12.09 

12.3 

4.0 

0.0757 

0.079 

0.067  77 

11.70 

16.69 

5.0 

0.0569 

0.061 

0.051  11 

11.32 

19.3 

[10]  V=  -i/« 


n  (F)(l  +2n)ln  ()+„)  (y)(  1-H.Vi. 

X  (1  +  2n)  +  8(l+2",/"  ‘(l+2n)  8(1+',)/n 


M*  £(l+«)  ,  n  (y)(l+W" 

dU  1+2m  (1  +2«)  8(,+„v„ 


Transforming  the  above  equations  into  the  original  variables 
n,  v  and  x,  y 


[11]  u  =  Ux\  1  - 


[12]  v  = 

dx 


n  (8-y)(l+2'l)/M  (1+n)  _  (8  -  yV1*"’'" 
X  l+2n+  8(l+2")'"  ( 1  +  2«)  8(l+"v" 


.  (1  +«)"  (1  +2n)  (2+3w) 

1  J  n1+"[2Af  (l  +  3n)  +  1] 

The  skin-friction  coefficient  is  given  by 
tw  ( duY 

C'‘^m\Ty)  ,.0 

[16]  cf  =  c(n)-(Re)-,/(t+n> 


[17]  c(n) 


(1+w)  [2Af  (1  +3n)  - 
(1  +2«)  (2  +  3n) 


3.  Comparison 


3.1.  Hydrodynamic  boundary-layer  thickness 

For  a  Newtonian  fluid  (n  =  1)  flowing  over  a  flat  plate  with 
zero  angle  of  incidence  (Af  =  0),  from  [13],  [14],  and  [15]  we 

_  .  .  .  5.47 x  ...  ,  4.96 x 

find  that  8  =  — ■  —  compared  with  a  value  of  8  =  — — - 


find  that  8  =  — ^  —  compared  with  i 

VW)X 

from  the  Blasius-Howarth  solution  (6). 
Skin  friction 


Ymx 


d Ux  _n _  n  (8  -  y)(l+2w)/" 

dr  6 1  +2n  y  (l+2n)  8(,+")/n 


Hydrodynamic  boundary-layer  thickness  can  be  calculated 
from  [4],  [11],  and  [12]  as 

[13]  8  =  Al,(l+n)  (Re)~Ui'+n)  •  x 

where 


[14]  {Re)x  = 


m 


=  c(n) 


The  value  of  c{n)  for  different  values  of  n  are  tabulated  and 
compared  with: 

c(n)*:  Values  from  a  similar  analysis  (exact  analysis)  (4)  for 
a  flat  plate  (M  =  0) 

c(n)**:  Values  from  the  Pohlhausen  method  as  tabulated  by 
Acrivos  (4). 

The  method  followed  by  Acrivos  (4)  is  the  integral  method 
using  a  third-order  velocity  profile  for  the  calculation  of  the 
c(n)**  values,  which  give  the  shear-stress  coefficients. 

The  comparison  shown  in  Table  1  indicates  that  the  present 
analysis  gives  values  very  close  to  the  exact  analysis  except  for 
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Table  2.  Values  of  c(«)  for  different  values  of  the  wedge-angle 
_ parameter  M _ 


n 

c(n) 

M  =  0.1892 

M  =  0.3333 

M  =  1.0000 

0.05 

0.9788 

0.9885 

1.0184 

0.1 

0.9538 

0.9735 

1.0334 

0.3 

0.5448 

0.9005 

1.0708 

0.5 

0.7471 

0.8298 

1.0874 

1.0 

0.5789 

0.6992 

1.0954 

2.0 

0.4215 

0.5652 

1.0817 

3.0 

0.3520 

0.5013 

1.0674 

5.0 

0.2899 

0.4409 

1.0488 

four  values  near  n  =  1.0.  The  method  is  better  than  the  Pohl- 
hausen  integral  method  carried  out  by  Acrivos.  The  comparison 
is  graphically  represented  in  Fig.  2. 

Values  of  c(n)  for  different  values  of  the  wedge-angle  param¬ 
eter  M  are  also  tabulated  (Table  2). 


For  a  constant-property  fluid  and  in  the  absence  of  viscous  dis¬ 
sipation,  the  energy  equation  is 


[20] 


dt 

u—  +  v 
dx 


il 

dy 


=  a 


fill 

dy2 


Following  a  similar  method  adopted  in  the  momentum  equa¬ 
tion  [4],  [20]  can  be  modified  by  including  the  integrated  aver¬ 
age  value  of  the  convective  term  over  the  thermal  boundary- 
layer  thickness  A. 


[21] 


a  A 


dy  = 


h 

dy2 


On  integration  with  respect  toy,  the  left-hand  side  of  the  above 
equation  is  a  function  of  only  x. 

Let 


dy  =  ij»2  (x) 


hence 


4.  Heat-transfer  analysis 

Since  high-Prandtl-number  fluids  are  chosen  for  this  anal¬ 
ysis,  the  velocity  profile  within  the  thermal  boundary  layer  can 
be  approximated  by  a  linear  velocity  profile  for  u,  which  is 
justified  by  the  fact  that  the  thermal  boundary-layer  thickness 
A  is  small  compared  with  the  hydrodynamic  boundary-layer 
thickness  8. 

Hence  by  linearizing  the  velocity  equation  [11] 

[IS!  V4<«» 

From  the  continuity  equation  [1]  and  [18] 


[23]  0  = 

The  boundary  conditions  are 
Aty  =  0,  t  -  tw 

[24]  at 
Aty  =  A,  t  =  tx,  —  =  0 

ay 

Integrating  [23]  with  respect  to  y  and  using  the  boundary 
conditions 


[19]  v  = 


,  1+n  1  d8 
00  n  82  dr 


1  +  n  1  dUx  / 
n  8  dr  2 


gives  the  temperature  distribution. 

Using  [25]  in  [21]  and  solving  for  thermal  boundary-layer 
thickness 


n 

o 

o 

II 

M =0.1892 

M  =  0.3333 

M=1.0 

M  =  0.0 

M =0.1892 

Af =0.3333 

Af=  1.0 

0.05 

0.3773 

0.4861 

mmmm 

0.5798 

0.8616 

1.3132 

0.1 

0.3745 

0.8383 

0.5885 

IBSi  2Si 

0.8702 

1.3713 

ilEH 

0.3718 

0.4727 

0.5391 

0.7904 

0.6304 

k  » sgii 

0.9142 

1.3402 

0.3757 

0.4735 

0.5349 

0.7594 

0.6763 

0.9628 

1.3669 

1.0 

0.3933 

0.4859 

0.5376 

0.7148 

0.7867 

0.9719 

1.0752 

1.4295 

2.0 

0.5116 

0.5508 

0.6754 

0.9617 

1.1510 

1.2392 

1.5198 

3.0 

0.4528 

0.5295 

0.5610 

0.6572 

1.0867 

1.2707 

1.3463 

1.5773 

5.0 

0.4861 

0.5735 

0.6397 

1.2499 

1.4167 

1.4748 

1.6449 

5.  Comparison  with  a  Newtonian  fluid  flowing  over  a 
flat  plate 

For  a  Newtonian  fluid  (n  =  1)  flowing  over  a  flat  plate  (M 
=  0)  from  [26]  we  find  A/8  =  0.929  (Pr) ~ 1,3  as  compared 
with  the  value  obtained  by  using  the  Pohlhausen  method  A/8 
=  0.976 (Pr)~m,  which  is  close  even  though  the  analysis  is 
based  on  a  high-Prandtl-number  assumption  (linear-velocity 
profile  in  the  thermal  boundary  layer)  and  ( CT)X  =  0.393  as 
compared  with  a  value  of  0.332  when  the  Pohlhausen  method 
is  used.  The  error  is  18%  owing  to  a  high-Prandtl-number 
assumption  in  the  analysis.  As  the  Prandtl  number  increases  the 
error  reduces.  The  value  of  (CT)X  and  (CT)L  for  different  values 
of  M  and  n  are  tabulated  in  Table  3. 


[26]  A 
Where 


"[ 


72  n 


(2  n  +  3  M  +  1)  A2/(1+,,) 


-i  1/3  r  -i 
_1_ 

J  L  Pr 


1/3 


P  CBUooX 

m 

K 

.p  Uln-xT  _ 

2/(1  +n) 


Heat  transfer 


[28]  qw  =  -KA, 


at 

dv 


~  h  An  (tw  to,) 


[29] 


=  (CD,  =  2 


(2n  +  3  M  + 


(Pr)m  (/?e)'/(1  +n) 

The  average  Nusselt  number  is 

[30]  (NU)l  =  ( CDl  (Pr)'/3  (Re)'/}' + n) 

[31]  (CDL  =  ~^(CDX 

l  +  n 


12-tv  A"''' 


±J)’ 

+«) 


1/3 


6.  Discussion 

From  the  tabulated  values  and  graphical  representation  the 
following  are  noted: 

The  trend  of  velocity  profiles  (Figs.  3,4)  is  similar  to  the  one 
observed  by  Acrivos  [4].  Fordilatant  fluids  (Fig.  3),  the  hydro- 
dynamic  boundary-layer  thickness  decreases  with  increase  in 
the  flow  behaviour  index,  n  and  the  reverse  trend  is  observed 
in  the  velocity  gradient  at  the  surface.  For  pseudoplastic  fluids 
with  n  =  0.1,  the  hydrodynamic  boundary-layer  thickness  is 
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Fig.  4.  Velocity  profile  for  flat  plate  for  pseudoplastic  fluids. 


Fig.  6.  Skin-friction  results. 


found  to  be  larger  than  the  boundary-layer  thickness  for  a  fluid 
with  n  =  0.5,  even  though  the  velocity  gradient  at  the  plate  for 
a  fluid  with  n  =  0. 1  is  greater  than  the  velocity  gradient  of  a 
fluid  with  n  =  0.5.  The  thermal  boundary  layer  is  proportional 
to  {Pr)~Vi.  This  is  in  conformity  with  earlier  work;  see  pages 
480-483  of  ref.  6.  The  heat-transfer  rate  increases  with  the 
increase  in  the  value  of  M  for  a  given  value  of  n,  Pr,  and  Re 
(Fig.  5).  For  a  given  value  of  M,  Pr,  and  (Re)x  the  change  of 
the  heat-transfer  rate  is  greater  in  the  pseudoplastic-fluid  range 
than  in  the  dilatant-fluid  range  (Fig.  5). 

Skin  friction  increases  with  increase  in  wedge-angle  param¬ 
eter  M  for  a  given  value  of  n  and  Re  (Fig.  6). 

The  results  obtained  for  skin  friction  (Fig.  2)  give  accurate 
values  except  at  four  points  near  n  =  1.0,  the  maximum  per¬ 
centage  of  error  is  12. 1%  as  against  the  error  of  19%  when  the 


Pohlhausen  method  is  used  for  the  flow  over  a  flat  plate.  For 
n  =  0.3  the  highest  accuracy  obtained  is  within  1.7%  of  the 
exact  value  (Table  1). 

The  results  of  thermal  boundary-layer  thickness  are  of  suf¬ 
ficient  accuracy  and  hence  the  heat-transfer  rates  are  suffi¬ 
ciently  accurate  for  engineering  applications.  The  thermal 
boundary-layer  thickness  is  proportional  to  ( Pr)~m .  As  the 
Prandtl  number  increases,  the  error  in  heat-transfer  values  will 
reduce.  Hence  the  results  are  valid  for  Prandtl  numbers  greater 
than  5. 

7.  Conclusions 

(0  Rapid  calculation  of  the  skin  friction  and  heat  transfer  are 
possible  with  the  help  of  tabulated  values  of  c(n)  and  (CT)L  for 
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different  configurations  of  a  wedge  with  non-Newtonian  fluids, 
more  so  for  Newtonian  fluids. 

(fl)  The  calculation  of  the  skin  friction  and  the  Nusselt  num¬ 
ber  can  be  done  on  a  desk  calculator  and  the  large  amount  of 
computer  time  necessary  for  the  computation  of  values  in  the 
exact  analysis  can  be  avoided. 

(m)  The  results  obtained  for  the  shear-stress  coefficient  e(n) 
by  the  present  method  are  in  the  acceptable  range.  These  values 
are  closer  to  the  values  obtained  from  the  exact  analysis  than 
those  reported  by  Acrivos  (4)  for  the  range  of  fluid  behaviour 
index,  n,  below  1  and  above  3. 

(iv)  The  method  presented  here  is  observed  to  be  valid  for 
the  calculation  of  heat-transfer  rates  in  the  range  of  Prandtl 
numbers  from  10  to  300.  The  percentage  error  in  the  heat-trans¬ 
fer-rate  values  decreases  with  the  increase  in  the  Prandtl  num¬ 
bers  owing  to  the  fact  that  the  hydrodynamic  boundary  thick¬ 
ness  is  much  larger  compared  with  the  thermal  boundary-layer 
thickness  in  the  high-Prandtl-number  range.  This  leads  to  the 
justification  of  the  assumption  of  the  linear  velocity  profile 
adopted  in  the  thermal  boundary-layer  region.  Hence,  the 
results  obtained  recommend  the  present  method  to  calculate  the 
heat-transferrates  in  the  higher  range  of  Prandtl  numbers,  i.e., 
above  300. 


r  _  £>2-rt  ^Af(2  -  m)  +  II 

(Re)x  Local  Reynolds  number,  - 

L  m 

Uao  Free  stream  velocity,  CxM 

cf  Skin  faction  coefficient 

cp  Specific  heat  at  constant  pressure 

cf 

c(n)  - ,  shear  stress  coefficient 

(Re)l«l+n) 

c(n)*  Values  of  c(n)  from  exact  analysis 
c(n)**  Values  of  c(n)  from  Acrivos 
h  Heat  transfer  coefficient 

m  Consistency  index 

n  Flow  behaviour  index 

qw  Rate  of  heat  transfer  at  the  wall 
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t  Shear  stress 

tw  Wall  shear  stress 

i|»,  (x)  A  function  of  x  used  in  momentum  equation 
i)»2  (x)  A  function  of  x  used  in  energy  equation 


90 


Study  of  the  radioactive  decays  of  140Ba  and  140La 
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The  intensities  of  X  rays  and  y  rays  from  the  decays  of  l40Ba  and  l40La  were  measured  precisely  using  Si(Li)  and  HPGe 
detectors.  The  L  X-ray  intensities  in  l40Ba  decay  are  reported  for  the  first  time.  The  conversion  electrons  from  these  decays 
are  investigated  using  a  mini-orange  electron  spectrometer.  The  electron  intensities  for  the  (Af  +  N.)  conversion  of  329, 487, 
1596,  and  1903  keV  transitions  in  l40Ce  were  measured  for  the  first  time.  From  the  present  conversion-electron  and  y-ray 
intensities,  the  conversion  coefficients  for  various  transitions  in  l40La  and  l40Ce  were  determined.  Also,  the  y-y  directional 
correlations  for  15  cascades  in  l40Ce  were  studied  using  a  HPGe-HPGe  detector  coincidence  setup  (time  resolution  =  7  ns). 
The  109— (329)—  487,  131-242,  and  131-266  keV  cascades  in  l40Ce  were  studied  for  the  first  time.  The  multipole  mixing 
ratios  for  the  109, 131,  242,  266,  329, 432,487,  751,  816,  868,919, 925,  and  951  keV  transitions  in  ,40Ce  are  deduced  from 
the  present  directional  correlation  and  conversion-coefficient  measurements. 


On  a  mesur6  avec  precision,  en  utilisant  des  ddtecteurs  Si(Li)  et  HPGe,  les  intensity  des  rayons  X  et  des  rayons  y  provenant 
des  disintegrations  de  l40Ba  et  140La.  Les  intensity  des  rayons  X  L  dans  la  disintegration  de  l40Ba  sont  rapporties  pour  la 
premiire  fois.  Les  electrons  de  conversion  provenant  de  ces  disintegrations  ont  iti  itudiis  en  utilisant  un  spectromitre  & 
electrons  mini-orange.  Les  intensitis  ilectroniques  pour  la  conversion  (M  +  N)  des  transitions  de  329, 487, 1596  et  1903  keV 
dans  140Ce  ont  iti  mesuries  pour  la  premiere  fois.  A  partir  de  ces  mesures  des  intensitis  d’ilectrons  de  conversion  et  de  rayons 
y,  on  a  ditermini  les  coefficients  de  conversion  pour  diverses  transitions  dans  l40La  et  l40Ce.  On  a  aussi  itudii  les  correlations 
directionnelles  y-y  pour  15  cascades  dans  l40Ce,  en  utilisant  un  arrangement  de  ditecteurs  HPGe-HPGe  en  coincidence 
(resolution  temporelle  =  7  ns).  Les  cascades  109— (329)— 487,  131-242  et  131-266  keV  dans  l40Ce  ont  iti  itudiies  pour  la 
premiere  fois.  Les  rapports  de  melange  multipolaire  pour  les  transitions  de  109, 131, 242, 266, 329, 432, 487, 751, 816, 866, 
919,  925  et  951  keV  dans  M0Ce  ont  iti  diduits  des  mesures  de  correlation  directionnelle  et  de  coefficients  de  conversion. 

[Traduit  par  la  redaction] 


Can.J.  Phys.  69,90(1991) 


1.  Introduction 

The  radionuclides  14^Ba  {Tm  =  12.7  d)  and  l40La 
(Tu2  =  1.68  d)  undergo  (3  decay  to  the  excited  states  of  140La 
and  140Ce,  respectively.  These  excited  states  de-excite  through 
the  competing  y  emission  and  internal  conversion  process.  The 
study  of  the  precise  energy  and  intensity  of  the  emitted  y  rays 
and  conversion  electrons  provides  information  on  the  nuclear 
levels.  For  a  better  understanding  of  subsequent  atomic  pro¬ 
cesses,  there  is  a  need  for  the  measurement  of  the  intensities 
of  the  X  rays  emitted  following  these  decays.  The  level  struc¬ 
ture  of  l40La  and  ,40Ce  from  the  above  mentioned  decays  has 
been  extensively  investigated  by  many  research  workers  (1- 
18).  These  studies  include  the  measurements  of  energies  and 
intensities  of  y  rays  (1-10),  conversion  electrons  (5,  10),  and 
multipole-mixing  ratios  (9-14)  for  the  various  transitions 
involved  in  these  decays.  Some  conclusions  about  the  excited 
states  of  140La  and  140Ce  have  also  been  drawn  from  reaction 
work  (15,  16)  and  model  calculations  (17, 18).  In  spite  of  these 
investigations,  uncertainties  regarding  the  following  features  in 
these  decays  still  prevail. 

In  l40Ba  decay,  the  earlier-measured  intensities  (2-4)  for 
weak  and  low-energy  y  rays  are  either  available  sparsely  or 
found  to  be  inconsistent.  Recently,  Adam  et  al.  (10)  measured 
the  intensities  of  K  X  rays,  y  rays,  and  conversion  electrons 
from  this  decay  and  reported  a  new  y  transition  of  551 .2  keV, 
which  de-excites  the  581  keV  level  and  still  needs  to  be  con¬ 
firmed.  Kalinnikov  et  al.  (4)  measured  the  K  X-ray  and  y-ray 
intensities  from  l40Ba  decay  using  a  poor  energy-resolution 
Ge(Li)  detector  (resolution  =  3.2  keV  at  537.3  keV).  The  K 
X-ray  intensities  measured  by  them  are  found  to  be  significantly 
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higher  than  the  evaluated  results  ( 1 9).  To  the  best  of  our  knowl¬ 
edge,  no  report  of  measured  L  X-ray  intensities  from  the  l40Ba 
decay  is  available  in  the  literature. 

In  the  140La  decay,  y-ray  intensities  have  been  reported  by 
many  workers  (5—10).  The  available  intensities  for  a  few  weak 
y  rays  have  been  found  to  be  inconsistent.  Kaur  et  al  (9) 
observed  a  new  y  ray  at  1303.5  keV  and  also  proposed  a  new 
level  at  3000.7  keV  in  l40Ce.  Adam  et  al.  (10)  reported  new  y 
rays  of  energy  992.9  and  1877.3  keV  and  proposed  three  levels 
at  3394.9,  3473.6,  and  3520.8  keV  to  fit  the  newly  observed 
y  rays.  The  existence  and  placement  of  these  y  rays  and  energy 
levels  still  needs  to  be  confirmed.  Also,  the  K  X-ray  intensities 
measured  by  Kalinnikov  ct  al.  (7)  are  significantly  higher  than 
the  evaluated  results  (19). 

Karlsson  et  al.  (5)  measured  the  intensities  of  conversion 
electrons  from  the  l40La  decay  using  a  double-focusing  electron 
spectrometer,  and  the  directional  correlation  measurements  for 
different  cascades  in  140Ce  have  been  reported  by  many  workers 
(9-14)  using  Nal  (Tl)  and  Ge(Li)  detector  coincidence  setups. 
The  multipole  mixing  ratios  of  some  of  the  transitions  and  the 
spin  of  the  2516  keV  level  in  l40Ce,  determined  on  the  basis 
of  directional  correlation  and  conversion-coefficient  measure¬ 
ments  by  earlier  workers,  are  found  to  be  controversial. 

In  view  of  the  above,  it  was  thought  worthwhile  to  reinves¬ 
tigate  the  level  structure  of  l40La  and  ,40Ce  precisely.  The  pres¬ 
ent  work  includes  the  intensity  measurements  of  X  rays  and 
y  rays  using  well-calibrated  high-resolution  Si(Li)  and  HPGe 
detectors.  We  had  a  particular  interest  in  investigating  weak 
and  low-energy  y  rays.  The  conversion-electron  spectra  were 
studied  using  a  mini-orange  electron  spectrometer.  Also,  y-y 
directional  correlation  measurements  for  various  cascades  in 
l40Ce  were  carried  out  using  a  HPGe-HPGe  detectors  coinci¬ 
dence  setup  that  had  better  energy  and  time  resolution  than  those 
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CHANNEL  NUMBER 


Fig.  1.  Typical  spectrum  of  l40Ba  decay:  (a)  The  L  X-ray  part  taken  with  the  Si(Li)  detector  and  (b)  The  K  X-ray  pert  taken  with  vertical 
HPGe  detector. 


used  by  previous  workers  (9-14).  From  these  measurements, 
it  has  been  possible  to  determine  the  multipole-mixing  ratios 
of  13  transitions  in  ,40Ce. 

2.  Experimental  methods  and  results 

2,1.  X-ray  and  y-ray  intensity  measurements 

The  radioactive  liquid  sources  of  140Ba  and  140La  in  dilute 
HC1  were  obtained  from  Bhabha  Atomic  Research  Centre, 


Bombay,  India.  Thin  uncovered  sources  were  prepared  by 
drying  the  respective  source  solutions  on  Mylar  backing  for  the 
measurements  of  X  rays  and  low-energy  y  rays.  The  count  rates 
for  these  sources  were  kept  at  about  250  counts  s-1  with  the 
vertical  HPGe  and  Si(Li)  detectors.  For  intensity  measurements 
of  y  rays  above  80  keV,  the  strength  of  the  sources  were  so 
adjusted  that  they  provided  about  1200  counts  s" 1  when  placed 
at  a  distance  of  25  cm  from  the  coaxial  HPGe  detectors. 

The  present  X-ray  and  y-ray  intensity  measurements  were 
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performed  using  a  set  of  four  semiconductor  detectors;  a  hor¬ 
izontal  planar  Si(Li)  detector  (active  volume  =  28.27  mm2  X 
5.5  mm;  FWHM  =  165  eV  at  5.9  keV),  a  vertical  planar 
HPGe  detector  (active  volume  =  28.27  mm2  x  5.0  mm; 
FWHM  =  459  eV  at  122  keV)  and  two  coaxial  HPGe  detec¬ 
tors  (active  volumes  =  57. 1  cm3  and  96.0  cm3;  FWHM  = 
1 .7  keV  at  1332  keV).  These  detectors  were  coupled  to  an  8K- 
channel  analyser  (ND  66B)  through  a  spectroscopy  amplifier 
(ORTEC  572). 

The  efficiency  calibration  curves  for  the  coaxial  HPGe  detec¬ 
tors  in  the  energy  region  80-4000  keV,  for  the  vertical  planar 
HPGe  detector  in  the  energy  region  20-600  keV,  and  for  the 
Si(Li)  detector  in  the  energy  region  4-90  keV  were  generated 
using  standard  radioactive  sources  as  described  in  our  earlier 
papers  (20,  21). 

Ten  spectra  were  taken  with  each  source  and  detector  com¬ 
bination,  for  the  time  duration  25  000-150  000  s,  which 
depended  upon  the  counting  statistics.  The  spectra  in  the  X-ray 
regions  were  analyzed  by  adding  the  counts  under  the  peaks, 
and  background  counts  were  subtracted  by  extrapolating  the 
background  counts  above  and  below  the  peak  region.  The 
X-ray  spectrum  from  the  successive  decay  of  140Ba-+  l40La-» 
140Ce  obtained  with  Si(Li)  and  vertical  HPGe  detectors  is  shown 
in  Fig.  1.  It  is  clear  from  Fig.  lb  that  the  K  X  rays  from  two 
decays  are  well  separated  except  that  the  Ko  peak  of  l40La 
overlaps  the  peak  of  140Ce.  The  area  of  peak  of  l40La 
was  obtained  bj)  subtracting  the  area  of  the  Xp2peak  of  l*°Ct 
(measured  from  the  140La  decay  separately)  from  the  total  area 
of  the  [Xo  (La)  +  (Ce)]  peak.  The  contributions  to  the 

different  L2X  rays  from'the  140Ba  decay  due  to  L  X  rays  from 
the  140La  decay  were  subtracted  by  using  the  intensity  results 
from  ref.  19  and  were  found  to  be  less  than  2%. 

The  y-ray  spectra  were  analyzed  to  obtain  the  area  of  dif¬ 
ferent  y-ray  peaks  using  the  computer  program  sampo  (22). 


Table  1 .  Summing  corrections  for  certain  weak  cross-over  y  rays  from 
l40Ba  and  l*°La.  decays  with  a  96.0  cm3  HPGe  detector 


y  ray 
(keV) 

Summing  y 
rays 

(y,  +  y2) 

Estimated 
summing  area 

(y.  +  y2) 

Observed 

area 

73 

%Summing 

correction 

467.6 

304.9+162.7 

140Ba 

0.041 

0.081(12) 

-50.6% 

1924.6 

328.7+1596.2 

,40La 

0.018 

0.031(2) 

-58.1% 

2083.2 

487.0+1596.2 

0.034 

0.070(4) 

-48.6% 

2464.9 

868.7+1596.2 

0.0019 

0.0089(9) 

-21.3% 

The  areas  of  various  cascading  and  cross-over  y  rays  were  cor¬ 
rected  for  summing,  using  the  formulation  suggested  by  Gehrke 
et  al.  (8).  The  total  efficiency  curves  for  the  coaxial  HPGe 
detectors,  required  for  an  estimation  of  summing  corrections, 
were  obtained  from  the  knowledge  of  the  absorption  coeffi¬ 
cients  for  y  rays  in  germanium  and  the  size  of  the  detectors 
(23).  The  summing  corrections  in  the  case  of  measurements 
done  using  a  96.0  cm3  coaxial  HPGe  detector,  for  example,  are 
found  to  be  0.14  and  0.22%  for  the  162.7  and  304.9  keV  y 
rays  in  the  140Ba  decay  and  the  0.2,  - 1.7, 0.3, 0.3, 0.2,  -0.3, 
and  -0.3%  for  the  328.8, 397.5, 432.5, 487.0, 925.2, 2347.9, 
and  2547.3  keV  y  rays  in  the  140La  decay.  The  estimated  areas 
due  to  the  summing  of  cascading  y  rays  for  certain  weak  cross¬ 
over  transitions,  where  summing  corrections  are  found  to  be 
significantly  large,  are  compared  with  the  observed  areas  in 
Table  1. 

The  present  measured  X-ray  and  y-ray  intensities  from  ,40Ba 
and  14tla  decays  are  shown  in  Tables  2  and  3.  The  intensity 
values  for  different  y  rays  as  well  as  K  X  rays,  measured  with 


Table  2.  Relative  intensities  of  X  rays  and  y  rays  in  a  140Ba  decay 


Energy 

(keV) 

Relative  intensities 

This  work 

Ref.  8 

Ref.  4 

Ref.  10 

Ref.  19 

4.121  Z., 

0.40(4) 

— 

— 

— 

0.49(9) 

4.649  La 

13.9(8) 

— 

— 

— 

13.8(25) 

5.126  La 

33.2(20) 

— 

— 

— 

31.6(57) 

5.99  Ly 

6.6(5) 

— 

— 

— 

6.1(6) 

13.87  y 

4.69(12) 

— 

7.2(25) 

4.9(6) 

4.9(6) 

29.96  y 

58.4(10) 

— 

72(12) 

60(3) 

55.8(5) 

33.3  Ka 

6.10(18) 

— 

10.0(20) 

6.5(5) 

7.01(3) 

37.8  Ka 

1.15(5) 

— 

1.27(7) 

<2.3 

1.60(5) 

38.9  Ka 

0.32(5) 

— 

0.33(2) 

43.8  2 

0.054(7) 

— 

— 

<0.007 

0.062(4) 

113.6 

0.072(6) 

— 

— 

0.077(16) 

0.074 

118.9 

0.25(1) 

— 

0.21(2) 

0.27(3) 

0.21(2) 

132.7 

0.81(2) 

— 

0.83(7) 

0.90(8) 

0.83(7) 

162.7 

25.3(3) 

26.4(3) 

28.4(9) 

28.0(8) 

25.5(5) 

304.9 

17.54(15) 

17.67(18) 

17.30(70) 

17.8(5) 

17.63(37) 

423.7 

12.65(12) 

12.73(14) 

12.80(60) 

12.80(30) 

12.79(62) 

437.6 

7.91(8) 

7.82(9) 

7.80(40) 

7.80(25) 

7.91(16) 

467.7 

0.029(3) 

— 

0.60(5) 

<0.01 

0.60(5) 

0.028(5)“ 

0.030(4)* 

537.3 

100(1) 

100(1) 

100 

100(1) 

100 

551.2 

0.028(4) 

— 

— 

0.027(9) 

— 

“Values  measured  using  96.0  cm3  HPGe  detector. 
‘Values  measured  using  57.1  cm3  HPGe  detector. 
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_ Table  3.  Relative  intensities  of  X  rays  and  y  rays  in  a  l40La  decay 

Relative  intensities 

Energy  - 


(keV) 

This  work 

Ref.  7 

Ref.  9 

Ref.  8 

Ref.  10 

Ref.  19 

34.56  Ka 

1-72(4) 

2.35(70) 

— 

— * 

1.77(6) 

1.67(6) 

39.23  K& 

0.31(1) 

_ 

__ 

0.36(2) 

0.31(2) 

Hl 

40.44  K 

0.085(4)  . 

0.36(8) 

— 

— 

0.089(4) 

0.082(5) 

64.14  y 

0.015(2) 

0.01 

_ 

— 

0.011(4) 

0.011 

68.91 

0.079(2) 

0.064(16) 

0.070(16) 

— 

0.080(6) 

0.070(16) 

109.4 

0.230(4) 

0.210(15) 

0.170(10) 

— 

0.220(10) 

0.209(15) 

131.1 

0.49(1) 

0.50(3) 

0.44(1) 

— 

0.48(1) 

0.46(1) 

173.5 

0.133(4) 

0.130(20) 

0.120(10) 

— 

0.120(10) 

0.135(21; 

241.9 

0.434(8) 

0.410(30) 

0.450(10) 

— 

0.460(30) 

0.493(10) 

266.5 

0.488(8) 

0.490(30) 

0.520(10) 

— 

0.510(30) 

0.474(26) 

306.9 

0.026(7) 

0.035(17) 

0.022(6) 

— 

0.020(5) 

0.022(7) 

328.7 

21.1(3) 

19.4(6) 

21.5(4) 

21.5(2) 

21.7(4) 

21.7(4) 

397.5 

0.077(5) 

0.110(35) 

0.078(3) 

— 

0.070(5) 

0.105(31) 

432.5 

3.04(3) 

2.85(15) 

3.05(3) 

3.08(3) 

2.97(15) 

3.13(6) 

438.5 

0.041(10) 
0.046(1 8)‘ 

'  0.021(10) 

0.006(3) 

____ 

<0.0014 

0.021(11) 

445.5 

0.038(12)' 

0.003(1) 

“0.025 

0.005(3) 

_ 

0.004(1) 

0.025 

487.0 

47.7(6) 

45.0(15) 

46.6(9) 

47.7(5) 

46.4(9) 

48.1(10) 

618.1 

0.039(4) 

“0.045 

0.049(6) 

— 

0.014(3) 

0.063(31) 

751.6 

4.54(4) 

4.40(20) 

4.45(5) 

4.65(5) 

4.36(16) 

4.51(31) 

815.8 

24.4(2) 

23.5(7) 

24.0(4) 

24.8(2) 

23.5(7) 

24.7(5) 

867.7 

5.77(7) 

5.60(30) 

5.69(6) 

5.90(6) 

5.56(19) 

5.86(12) 

919.5 

2.79(3) 

2.64(16) 

2.83(4) 

2.91(4) 

2.80(9) 

2.81(5) 

925.2 

7.23(7) 

7.10(30) 

7.26(8) 

7.42(8) 

7.10(21) 

7.37(4) 

950.9 

0.544(7) 

0.550(30) 

0.553(7) 

— 

0.56(3) 

0.567(20) 

992.9 

0.014(5) 

— 

— 

— 

0.009(3) 

— 

1045.0 

0.026(15) 

— 

0.024(4) 

— 

0.016(4) 

— 

1097.2 

0.024(5) 

— 

0.024(5) 

— 

0.022(5) 

— 

1303.5 

0.044(7) 

— 

0.046(6) 

— 

0.050(7) 

— 

1405.2 

0.062(7) 

— 

0.066(9) 

— 

0.068(8) 

— 

1596.2 

100.0(15) 

100.0 

100.0 

100(1) 

100 

100 

1877.3 

0.043(4) 

— 

— 

— 

0.042(6) 

— 

1924.6 

0.014(2) 

0.014(2)“ 

- 

0.014(3) 

0.006(2) 

. 

2083.2 

0.013(3)*' 

0.031(2) 

0.033(4)“ 

0.045(3) 

0.007(2) 

0.012(7) 

2347.9 

0.029(3)*’ 

0.89(3) 

0.90(6) 

0.89(2) 

0.89(2) 

0.89(3) 

0.89(2) 

2464.1 

0.012(2) 

0.002(1) 

0.012(1) 

— 

0.008(1) 

0.018(6) 

2521.4 

3.63(4) 

3.60(18) 

3.58(15) 

3.62(7) 

3.61(9) 

3.58(5) 

2547.3 

0.106(3) 

0.110(7) 

0.105(2) 

0.109(3) 

0.109(5) 

0.109(3) 

2899.6 

0.070(2) 

0.065(6) 

0.070(1) 

0.069(1) 

0.069(3) 

0.069(2) 

3118.5 

0.026(1) 

0.027(4) 

0.027(1) 

0.027(1) 

0.028(2) 

0.027(1) 

3320.4 

0.0040(3) 

0.0047(15) 

0.0040(3) 

— 

0.0045(4) 

0.0047(15) 

°Vp'  j  measured  using  96.0  cm3  HPGe  detector. 
‘Vaiues  measured  using  57.1  cm3  HPGe  detector. 


different  detectors  in  the  coinciding  regions,  were  found  to  be 
consistent  with  each  other  and  the  weighted  averages  of  these 
results  are  given  in  Tables  2  and  3.  The  overall  uncertainty  in 
the  intensity  measurements  includes  the  uncertainties  due  to 
statistics  and  peak-area  evaluation  (less  than  0.5%  for  intense 
peaks),  the  efficiency-calibration  error  (1. 5-2.5%  ovet  the 
energy  region  4-100  keV  and  0.5-2.0%  over  the  energy  region 
100-4000  keV)  and  other  systematic  errors  (0.3%).  All  of  these 
uncertainties  are  added  in  quadrature  to  give  the  final  uncer¬ 


tainties  in  the  intensity  results.  The  results  of  the  earlier  meas¬ 
urements  are  also  included  in  the  Tables  2  and  3  for  comparison. 

2.1.1.  ,40Ba  decay 

The  present  measured  y-ray-intensity  values  in  the  140Ba 
decay  agree  well  with  the  values  reported  by  Gehrke  et  al.  (8) 
and  Adam  et  al.  (10)  (Table  2).  The  551.2  keV  y  ray  reported 
only  by  Adam  et  al.  (10)  was  seen  clearly  in  our  measurements 
and  the  intensity  values  are  found  to  be  consistent.  The  intensity 
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of  the  467.7  keV  y  ray  is  found  to  differ  remarkably  from  the 
earlier  reported  value  (4).  This  may  be  due  to  a  large  summing 
of  cascading  7  rays  falling  under  this  peak  (Table  1).  The  inten¬ 
sity  values  of  K  X  rays  and  low-energy  7  rays  measured  by  us 
are  found  to  be  significantly  lower  than  the  c  .rlier  measured 
values  of  Kalinnikov  etal.  (4).  However,  the  present  intensity 
values  of  K  X  rays  are  more  precise  and  show  good  agreement 
with  the  values  measured  by  Adam  et  al.  (10)  as  well  as  those 
calculated  by  using  the  physical  parameters  from  internal-con¬ 
version  and  sequential  atomic  processes  (19).  The  intensities 
of  the  different  components  of  L  X  rays  in  the  l40Ba  decay  were 
measured  by  us  for  the  first  time  and  are  found  to  be  in  good 
agreement  with  the  evaluated  results  (19). 

2.1.2.  ,40La  decay 

In  the  case  of  the  l40La  decay,  the  7-ray  intensities  were 
measured  separately  from  both  the  ,40La  decay  and  from  the 
successive  decay  of  140Ba.  The  intensity  values  obtained  from 
both  of  these  measurements  were  found  to  be  consistent  and 
their  weighted  average  is  shown  in  Table  3.  The  present  meas¬ 
ured  intensity  values  for  most  of  the  7  rays  are  in  general  agree¬ 
ment  with  the  earlier  measured  values  (5-10).  The  intensities 
of  438.5,  1924.6,  and  2083.2  keV  7  rays  are  found  to  differ 
significantly  from  the  earlier  reported  values  for  these  transi¬ 
tions  (Table  3).  The  existence  of  992.9  and  1877.2  keV  7  rays 
in  the  140La  decay,  reported  only  b>  Adam  et  al.  (iO),  was 
confirmed  in  the  present  measurements,  and  results  are  found 
to  be  in  good  agreement  (Table  3).  The  present  K  X-ray  inten¬ 
sities  are  about  20%  lower  than  those  measured  by  Kalinnikov 
et  al.  (7),  but  are  in  good  agreement  with  those  of  Adam  et  al. 
(10)  and  the  evaluated  results  (19).  It  is  worth  mentioning  that 
the  intensities  of  the  L  X  rays  in  the  ,40La  decay  are  very  small 
and  could  not  be  measured  in  our  measurements. 

In  conclusion,  we  believe  that  the  present  results  are  more 
reliable  and  determined  with  better  precision  when  compared 
with  previous  results  because  of  the  very  good  statistics  col¬ 
lected  under  the  weak  peaks  and  the  use  of  four  well-calibrated 
semiconductor  detectors. 

3.  Internal  conversion-electron  measurements 

The  mini-orange  electron  spectrometer  used  for  the  conver¬ 
sion-electron  measurements  comprises  (i)  a  windowless  Si(Li) 
detector  (surface  area  =  200  mm2,  depletion  depth  =  3  mm, 
FWHM  =  1.7  keV  for  624.5  keV  conversion  electrons  from 
l37Cs  decay);  (»')  a  mini-orange  filter  composed  of  five  thin 
square  (side  =1.5  cm)  SmCo5  permanent  magnets  fixed  in  an 
orange  array  in  an  aluminium  circular  frame  (diameter  = 
6.0  cm).  The  filter  has  a  lead  absorber  (diameter  =  0.8  cm, 
thickness  =  1.8  cm)  at  the  centre  to  avoid  direct  exposure  of 
the  Si(Li)  detector  to  the  photons  emitted  from  the  source.  A 
clean  vacuum  of  3  x  10-7  Torr  (1  Torr  =  133.3  Pa)  was 
maintained  in  the  spectrometer  using  a  triode  vacion  pump.  The 
detector  was  coupled  to  an  8K- channel  analyser  (ND  66B) 
through  a  spectroscopy  amplifier  (ORTEC  572,  shaping  time 
=  2  |xs). 

Thin  and  uncovered  sources  of  140Ba  and  140La  were  prepared 
by  drying  the  source  solution  on  aluminized  Mylar  backing 
supported  on  a  brass  ring  (diameter  =  1 .0  cm).  The  count  rate 
for  the  different  sources  was  kept  between  500-1000  counts 
s  - 1  for  all  the  measurements.  The  efficiency  calibration  curve 
for  this  spectrometer  at  source-to-filter  and  filter-to-detector 
distances  =  2.8  cm  (optimized  for  maximum  efficiency  in  the 
energy  range  200-1800  keV)  was  generated  as  described  in  our 


earlier  paper  (24).  An  overall  uncertainty  due  to  efficiency  cal¬ 
ibration  was  estimated  to  be  3.5%  in  the  entire  energy  region 
200-1800  keV. 

Ten  spectra  were  taken  with  each  140Ba  and  l40La  source  for 
time  durations  ranging  from  30  000  to  300  000  s.  A  typical 
conversion-electron  spectrum  obtained  with  the  l40Ba  source  is 
shown  in  Fig.  2.  The  electron  intensities  were  obtained  by 
measuring  the  area  under  the  conversion  peaks  and  dividing  it 
by  the  corresponding  efficiency  value  at  that  energy. 

The  conversion-electron  intensities  for  various  transitions  in 
140La  and  140Ce  are  presented  in  Tables  4  and  5,  respectively. 
In  the  case  of  the  l4°La  decay,  the  conversion-electron  intens¬ 
ities  were  measured  from  both  ,40La  and  ,40Ba— ►  ,40La-*  140Ce 
decays,  and  the  results  obtained  were  consistent  with  each  other. 
A  weighted  average  of  two  intensity  results  is  shown  in  Table  5. 
The  uncertainties  shown  in  intensity  values  correspond  to  one 
standard  deviation  (1  o')  and  include  uncertainties  due  to  statis¬ 
tics  and  peak-area  evaluation  (less  than  1 .0%  for  intense  peaks) , 
efficiency-calibration  error  (3.5%),  and  other  systematic  errors 
(1.0%).  All  these  uncertainties  are  added  in  quadrature  to  cal¬ 
culate  the  final  uncertainties  in  the  conversion-electron 
intensities. 

3.1.  ,40Ba  decay 

The  conversion-electron  intensities  for  various  transitions 
from  the  l40Ba  decay  are  found  to  be  in  general  agreement  with 
the  only  available  results  of  Adam  et  al.  (10)  as  shown  in 
Table  4.  The  present  results  show  better  precision  when  com¬ 
pared  with  the  earlier  measurements.  The  electron  intensity  for 
the  (Af  +  N.)  conversion  line  of  the  537.3  keV  transition  is 
reported  for  the  first  time. 

The  internal  conversion  coefficients  for  various  transitions 
in  l40La  were  deduced  using  present-measured  conversion-elec¬ 
tron  and  7-ray  intensities.  The  7-ray  and  conversion-electron 
intensities  were  normalized  to  yield  the  theoretically  predicted 
aK  value  (25)  for  the  537 . 3  ke V  ( 1  ~  -  0  - )  pure  M 1  transition . 
The  internal-conversion  coefficients  given  by  Adam  etal.  (10) 
are  found  to  be,  in  general,  higher  than  our  values  except  for 
the  304.8  keV  transition.  The  results  quoted  by  Adam  et  al. 
(10)  were  normalized  to  yield  the  162.3  keV  (2~  -3“)  tran¬ 
sition  to  be  pure  Ml,  while  present  results  were  normalized  to 
yield  537.3  keV  (1  “  -0~)  transition  to  be  pure  Ml .  However, 
if  we  renormalize  the  results  of  Adam  et  al.  (10)  according  to 
our  values,  the  agreement  with  the  present  results  is  found  to 
be  reasonably  good  for  all  the  transitions.  The  present  measured 
conversion  coefficients  along  with  the  theoretical  values  of 
Hager  and  Seltzer  (25)  are  shown  in  Table  4.  The  multipolar¬ 
ities  assigned  to  the  different  transitions  in  140La  are  shown  in 
the  last  column  of  Table  4. 

3.2.  ,40La  decay 

In  the  case  of  l40La  decay,  the  present  results  for  conversion- 
electron  intensities  agree  well  with  the  earlier  measured  results 
(5)  (Table  5).  The  electron  intens.'  'es  for  the  (M  +  M)  con¬ 
version  of  328.8,  487.0,  1596.2,  and  1903.5  keV  transitions 
in  140Ce  are  reported  for  the  first  time.  The  conversion  coeffi¬ 
cients  for  the  various  transitions  in  140Ce  were  calculated  using 
the  present  conversion-electron  and  7-ray  intensity  values  and 
are  presented  in  Table  5.  The  7-ray  and  conversion-electron 
intensities  were  normalized  to  yield  the  theoretical  aK  value 
(25)  for  the  1596.2  keV  (2+  -0+)  pure  £2  transition. 

A  comparison  of  measured  values  of  /(-conversion  coeffi¬ 
cients  was  made  with  those  of  the  theoretical  values  of  Hager 
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Table  4.  Conversion-electron  intensities,  conversion  coefficients,  and  multipolarities  of  various  tran- 
_ sitions  in  the  decay  of  l40Ba  to  l4QLa _ 

Internal  conversion 
coefficients  (a) 


Energy  of 
transitions 
(keV) 

Shell 

Internal  conversion- 
electron  intensities 

Expt. 
this  work 
(x  10-s) 

Theoretical 

Multipolarity 

Ml 

(x  10- 

£2 

-2) 

This  work0 

Ref.  104* 

304.8 

K 

0.71(3) 

0.62(3) 

4.1(2) 

4.4 

3.6 

E2+MI 

423.7 

K 

0.23(2) 

0.26(4) 

1.8(2) 

1.9 

1.4 

Ml 

437.6 

K 

0.12(1) 

0.15(2) 

1.5(1) 

1.7 

1.3 

Ml 

537.3 

K 

1.04(4) 

1.04(4) 

1.04(4) 

1.04 

— 

Ml 

L 

0.13(1) 

0.15(2) 

0.13(1) 

0.14 

— 

M+N 

0.057(8) 

— 

0.06(1) 

— 

— 

‘Normalized  to  theoretical  a,  value  (25)  for  537,3  keV  (0"  - 1  “)  pure  Ml  transition  a*.  (537)  =  1.04  x  10_I 
‘Renormalized  to  theoretical  aK  value  (25)  for  537.3  keV  pure  Ml  transition. 


Fig.  2.  Internal  conversion-electron  spectrum  from  '*°Ba  decay  taken  with  mini-orange  electron  spectrometer. 


TRANSITION  ENERGY  (ktV) 


Fio.  3.  Experimental  ^conversion  coefficients  compared  with  the  theoretical  coefficients  for  Z  =  58  given  by  Hager  and  Seltzer  (25). 


Table  5.  Conversion-electron  intensities,  conversion  coefficients,  and  multipolarities  of  transitions  in  decay  of  l<0La  to  l40Ce 

Internal  conversion 
coefficients  (a) 


Energy  of 
transitions 
(keV) 

Shell 

Internal  conversion- 
electron  intensities 

Expt. 

This  work0 
(x  10-2) 

Theoretical 

Multipolarity 

Ml 

£2 

(xiO'2) 

This  work 

Ref.  5 

328.8 

K 

0.76(1) 

3.8(2) 

3.92 

2.98 

Ml+£2 

L 

0.46(5) 

0.52 

0.55 

M+N 

— 

0.11 

432.5 

K 

1.9(2) 

1.94 

1.34 

Ml 

487.0 

K 

0.455(19) 

0.440(23) 

0.95(5) 

M3;  12.9 

0.92 

£2 

L 

0.062(5) 

0.073(4) 

0.13(1) 

(M3);  2.3 

0.15 

M+N 

0.019(2) 

— 

0.040(4) 

M3;  0.5 

0.033 

751.7 

K 

0.019(2) 

0.020(3) 

0.42(4) 

0.50 

0.33 

Ml  +£2 

815.8 

K 

0.094(4) 

0.095(6) 

0.39(2) 

0.41 

0.27 

Ml  +£2 

L 

0.014(3) 

0.014(1) 

0.06(1) 

0.05 

0.04 

867.8 

K 

0.0058(9) 

0.0061(15) 

0.10(2) 

£1;  0.11 

M2;  0.92 

£1 

919.6 

K 

0.0070(15) 

0.0061(15) 

0.25(6) 

0.31 

0.21 

Ml  +£2 

925.2 

K 

0.019(2) 

0.023(2) 

0.26(3) 

0.31 

0.21 

Ml  +£2 

1596.2 

K 

0.069(3) 

0.069(4) 

0.069(3) 

— 

0.069 

£2 

L 

0.0071(10) 

0.0084(10) 

0.0071(11) 

— 

— 

M+N 

0.0012(3) 

— 

0.0012(3) 

— 

— 

1903.2 

K 

0.013(1) 

0.015(2) 

— 

— 

— 

£0 

L 

0.0013(2) 

0.0018(3) 

— 

— 

— 

M+N 

0.000  35(6) 

— 

— 

— 

— 

“Values  normalized  to  aK  (£2)  =  0.069  x  I0“2  for  the  1596.2  keV  (4*  -2*)  pure  E2  transition. 


and  Seltzer  (25)  for  various  possible  multipolarities  in  Fig.  3. 
From  this  comparison  multipolarities  to  various  transitions  in 
l40Ce  were  assigned  as  shown  in  Table  5. 

4.  y-y  directional  correlation  measurements  in  140Ce 

For  the  directional  correlation  measurements,  the  sources 
were  prepared  in  perspex  holders  that  had  a  vertical  cavity  of 


2  mm  diameter  and  3  mm  depth.  The  count  rates  for  these 
sources  were  kept  at  about  7000  counts  s  ~ 1 .  A  90  cm3  HPGe  - 
96  cm3  HPGe  detector  coincidence  setup  having  a  time  reso¬ 
lution  (2t)  =  7  ns  for  the  1173-1332  keV  cascade  following 
the  “Co  decay  was  used  for  these  measurements.  The  energy 
resolution  of  both  the  detectors  (1.7  keV  at  1332  keV)  was  suf¬ 
ficient  to  completely  separate  the  various  y  rays  from  the  140La 
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_ Table  6.  7-7  directional  correlation  coefficients  for  various  cascade  in  l40Cc 

Directional  correlation  coefficients 
Cascade  - 


(keV) 

Spin  sequence 

AJ2 

Ref. 

131-242 

4+  -5+  -6* 

-0.28(13) 

0.12(16) 

This  work 

131-266 

4+-5+-4+ 

0.31(15) 

-0.16(21) 

This  work 

109-(329)-487 

2+-(3+-4+)~2+ 

-0.31(2) 

-0.14(2) 

This  work 

266-487 

5+-4+-2+ 

-0.16(8) 

0.14(11) 

This  work 

-0.10(3) 

-0.05(4) 

14 

329-487 

3*  -4+-2+ 

-0.102(9) 

-0.012(11) 

This  work 

-0.105(9) 

0.005(9) 

14 

-0.092(12) 

-0.037(23) 

12 

432-487 

(4+)-4+  -2+ 

0.178(33) 

0.073(45) 

This  work 

(3+)-4+-2+ 

0.239(37) 

-0.058(54) 

14 

0.215(18) 

-0.048(33) 

12 

329— <487)— 1596 

3+-(4+-2+)-0+ 

-0.081(9) 

-0.029(11) 

This  work 

-0.096(6) 

0.004(6) 

14 

-0.124(21) 

0.018(29) 

9 

-0.110(5) 

-0.041(8) 

12 

432-<487)  - 1596 

(4+)-(4+  -2+)-0+ 

0.15(6) 

0.06(8) 

This  work 

0.16(3) 

0.09(5) 

9 

0.26(1) 

0.03(2) 

13 

0.15(1) 

-0.01(2) 

11 

(34)-(4+  -2+)-0+ 

0.26(3) 

-0.04(4) 

14 

487-1596 

4^ 

+ 

1 

ro 

+ 

1 

0 

+ 

0.100(10) 

0.021(15) 

This  work 

0.102(5) 

0.018(7) 

14 

0.097(8) 

0.020(11) 

9 

0.099(3) 

0.002(8) 

13 

751-1596 

2+-2+-0+ 

-0.035(25) 

0.072(33) 

This  work 

-0.022(18) 

0.041(25) 

14 

-0.024(33) 

0.026(47) 

9 

-0.030(36) 

0.029(67) 

13 

815-1596 

3+-2+-0+ 

-0.097(8) 

0.009(10) 

This  work 

-0.066(7) 

0.001(9) 

14 

-0.084(6) 

-0.006(8) 

9 

-0.097(6) 

0.009(11) 

12 

868-1596 

3“-2+-0+ 

-0.106(17) 

-0.043(22) 

This  work 

-0.037(15) 

-0.017(20) 

14 

-0.084(16) 

-0.048(22) 

9 

-0.099(8) 

0.007(10) 

13 

919-1596 

+ 

O 

1 

+ 

1 

+ 

0.145(52) 

-0.114(69) 

This  work 

0.140(23) 

0.009(34) 

9 

0.130(80) 

-0.02(12) 

12 

(3+)-2+-0+ 

0.077(35) 

-0.035(53) 

14 

925-1596 

2+-2+-0+ 

0.386(21) 

0.030(30) 

This  work 

0.322(23) 

0.017(35) 

14 

0.350(43) 

-0.022(64) 

9 

0.340(50) 

0.010(70) 

12 

951-1596 

1+  -2+  — 0+ 

-0.32(7) 

0.009(9) 

This  work 

-0.27(7) 

-0.07(11) 

14 

-0.35(4) 

0.21(5) 

9 

-0.36(3) 

0.008(51) 

13 

decay.  The  source  to  detector  distance  was  kept  at  IS  cm  for 
both  the  detectors.  The  7  rays  of  the  131,  487,  and  1596  keV 
transitions  observed  by  a  movable  90  cm1  HPGe  detector  were 
used  for  gating.  The  coincidence  spectra  were  recorded  at  seven 
angles  from  90  to  180°  in  intervals  of  15°.  The  data  were  cor¬ 
rected  for  the  miscentering  of  the  source  (<1.0%),  the  chance 
coincidences,  and  the  Compton  contributions.  Also,  the  cor¬ 
relation  coefficients  were  corrected  for  the  finite  resolution  of 
the  HPGe  detectors  by  the  method  developed  by  Krane  (26). 
The  details  of  the  experimental  setup  and  method  of  analysis 
are  described  elsewhere  (27,  28). 


The  results  of  directional  correlation  measurements  for  15 
cascades  in  140Ce  along  with  the  results  reported  by  earlier 
workers  are  presented  in  Table  6.  The  directional  correlation 
coefficients  for  131-242,  131-266,  and  109-(329)-487  keV 
cascades  in  l40Ce  were  measured  for  the  first  time.  The  present 
measured  values  of  the  directional  correlation  coefficients  for 
the  432-487,  816-1596,  868-1596,  and  919-1596  keV  cas¬ 
cades  differ  from  the  values  reported  by  Michelkakis  and 
Hamilton  (14),  but,  are  in  agreement  with  the  available  results 
of  Kaur  et  al.  (9)  and  Saxena  and  Sharma  (12). 

The  directional  correlation  coefficients  from  the  present 


98 


CAN.  J.  PHYS.  VOL.  69,  1991 


Table  7.  Multipole  mixing  ratio  (8)  for  various  transitions  in  1<0Ce 
Mixing  ratio  (6) 


Multipole 

Cascade 

Transition 

This  work 

Ref.  14 

Ref.  9 

Ref.  12 

admixture 

(keV) 

(keV) 

(This  work) 

266-131 

131 

0.15+0.18 

-0.13;jg 

— 

— 

A/l  +  (2.2l|)%E2 

242-131 

242 

-0.60!»” 

— 

— 

— 

A/1  +(26.51j’®)%£2 

266-487 

266 

-0.14+0.12 

20.21J3 

— 

— 

A/1+(1.91?4)%£2 

109— <329)— 487 

109 

0.26  ±0.02 

— 

— 

— 

Afl  +(6.5lj'®)%£2 

329-487 

329 

-0.04±0.01 

-0.049  ±0.006 

— 

-0.04  ±0.02 

A/1  +  (0.2±0.1)%£2 

329— <487)— 1596 

329 

-0.07  ±0.01 

— 

0  o*005 
v.u_0  0 

-0.02  ±0.01 

A/1  +(0.5±0.14)%£2 

432-487 

432* 

O') 

0.05  ±0.01 

— 

0  45+007 
u*J-003 

A/1  +  (0.25  l®i7)%£2 

00 

-0.41  ±0.06 

-0.54  ±0.05 

-0.8±0.01 

A/1 +( 14.6 1”)%£2 

432— <487>— 1 596 

432* 

(0 

0  13+018 

-0.14  ±0.06 

-0.534, 

A/1+(1.7!J:|)%£2 

00 

-0.37  ±0.08  , 

—  0.55  ±0. 10 

A/1  +(12.01JJ)%£2 

487-1596 

487 

-0.005  ±0.02 

— 

o  o 
o  o 
+  1 
O 
© 

0.0±0.01 

£2  +  (0.003  lo  q])%M3 

751-1596 

751 

0.38±0.04 

0.36±0.03 

0.37  ±0.06 

0.301“  S 

A/1+(1317J)%£2 

815-1596 

815 

-0.03  ±0.01 

0.01  ±0.01 

-0.0 

-0.04  ±0.01 

A/l+(0.11±0.01)%£2 

868-1596 

868 

-0.044  ±0.02 

0.04  ±0.02 

-0.0  ±0.05 

0.25  ±0.02 

£l+(0.23J,)%A/2 

919-1596 

919* 

(0 

0.07  ±0.1 

— 

0.071™3 

0.06  ±0.09 

£2  +  (0.6!4J)%A/3 

00 

1.9!E 

2.6  ±0.4 

— 

-0.081®“ 

A/1  +(80±  1)%£2 

925-1596 

925 

-0.22  ±0.04 

-0.10±0.04 

-0.163S 

-0.15  ±0.07 

A/1  +  (4.41  i;2)%£2 

951-1596 

951 

0.06  ±0.07 

0.01  ±0.07 

0-061®“ 

— 

A/1+(0.414J)%£2 

♦Values  evaluated  using  the  2516  keV  level  spin  (*)  I*  =  4+  and  (*i)  F  =  3+ . 


Table  8.  Summary  of  multipole  mixing  ratios  and  ^-conversion  coefficients  for  432  and  919  keV  transitions  in  l40Ce 


Cascade 

Spin 

Mixing  ratio 

Multipole 

aK  (calc.) 

(keV) 

sequence 

Transition 

(8) 

admixture 

Ref.  25 

a*  (expt.) 

Ail-Ail 

4+  — 4+  -2* 

432 

8,  =  0.05  ±0.01 

A/l  +  (0.25!®47)%£2 

0.019 

0.019(1)° 

82  =  -1.06  ±0.22* 

A/1+(521J5)%£2 

0.016* 

0.019(2)*’ 

3*  —4* -2+ 

432 

8,  =  -0.41  ±0.06 

A/l+(14.6!34)%£2 

0.018 

82  -  “4.843S* 

A/1  +  (96  ±  2)%£2 

0.013* 

432— <487>— 1596 

+ 

O 

1 

4 

1 

+ 

1 

+ 

432 

m  to 

0  6 
4  1 
CO 

O 

II 

CO* 

wi+d-7l4:2)%£2 

0.019 

82  =  -1-243S* 

A/1  +(601J4)%£2 

0.015* 

3+  — <4+  -2+)-0+ 

432 

8,  =  -6.oii;’* 

A/1  +(971j)%£2 

0.013* 

82  =  -0.37  ±0.08 

A/l+(12!*®)%£2 

0.018 

919-1596 

4+  -2’  -0+ 

919 

8,  =  0.07  ±0.10 

£2  +  (0.6l4;J)%A/3 

0.0022 

0.0025(6)° 

82  =  1.38  ±0.30* 

£2  +  (661f2)%A/3 

0.011* 

0.0023(7)* 

3+-2+-0+ 

919 

8,  =  0.321841* 

A/1+(9.51J)%£2 

0.0030* 

82  =  1.932 

A/1  +(80  ±  1)%£2 

0.0023 

*5  values  rejected  on  the  basis  of  ICC  measurements. 
“Values  taken  from  present  measurements. 

♦Values  taken  from  Karlsson  et  at.  (5). 


measurements  were  further  used  to  deduce  the  mixing  ratios  for 
various  transitions  in  140Ce  using  the  method  described  by  Krane 
and  Steffen  (29),  whose  notations  and  sign  conventions  are 
followed  throughout.  For  the  present  analysis  the  487  (4 +  -  2 + ) 
and  1596  keV  (2+  -0+)  y  transitions  in  140Ce  were  assumed 
to  be  pure  E2  in  character  (30).  The  deduced  multipole  mixing 
ratios  for  the  various  transitions  in  140Ce  are  given  in  Table  7, 
along  with  the  results  reported  by  earlier  workers  (9,  12,  14). 

The  mixing  ratio  of  the  266  keV  transition  is  found  to  differ 
from  that  of  Michelkakis  and  Hamilton  (14),  but  is  in  agreement 
with  the  value  reported  by  Garcia  Bermudez  et  al.  (13)  from 


polarization-correlation  measurements.  The  present  value  of 
mixing  ratio  for  the  816  keV  transition  is  somewhat  higher  than 
the  value  measured  by  Michelkakis  and  Hamilton  (14)  whereas, 
it  is  comparable  with  the  value  reported  by  Saxena  and  Sharma 
(12).  The  important  aspects  of  the  results  from  present  y-y 
directional  correlation  measurements  are  discussed  in  the  fol¬ 
lowing  sections. 

4.1.  The  109-(329)-487  keV  cascade 
The  cascade  was  attempted  for  the  first  time.  The  measured 
correlation  coefficients  after  solid-angle  corrections  are  shown 
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in  Table  6.  This  cascade  follows  a  spin  sequence  2 + -(3  +-4 + )- 
2+  having  3+-4+  spins  for  the  unobserved  329  keV  inter¬ 
mediate  transition.  Taking  the  329  keV  transition  as  Ml  + 
0.2%  £2,  from  the  present  measurements,  the  Uk  (329)  coef¬ 
ficients  were  calculated  using  the  tabulated  values  of  Rose  and 
Brink  (30).  Assuming  the  487  keV  transition  to  be  pure  £2 
(31),  the  mixing  ratio  analysis  for  the  109  keV  transition  yields 
two  values  of  the  mixing  ratio,  8(109), 

8(109)  =  0.26  ±  0.02  and  8(109)  =  1.85  ±  0.10 

Out  of  these  two  values,  the  value  compatible  with  the  meas¬ 
ured  internal-conversion  coefficients  (5)  is  8(109)  = 
0.26  ±0.02,  which  gives  an  admixture  of  Ml  +(6.5!  |  “)%£2 
for  the  109  keV  transition. 

4.2.  Multipole  admixture  of  the  266  keV  transition 
The  measured  A22  coefficient  for  the  266-487  keV  cascade 
(spin  sequence,  5+-4+-2+)in  l40Ce  yields  two  possible  val¬ 
ues  of  mixing  ratio  for  the  266  keV  transition,  i.e., 

8(266)  =  -0.14  ±  0.12  and  8(266)  =  -17.5  ±  5.5 

The  8  values  and  the  measured  ^-conversion  coefficients  (5) 
indicate  that  the  possible  multipole  components  in  the  266  keV 
transition  are  Ml  and  £2.  However,  it  is  not  possible  to  select 
a  unique  8  value  for  the  266  keV  transition  on  the  basis  of  the 
measured  aK  value  (5)  as  shown  below; 


Multipole 

aK  calc. 

aK  expt. 

Mixing  ratio 

admixture 

(ref.  25) 

(ref.  5) 

-0.14+0.12 

Ml  +  (1.9!?$)%  £2 

0.068 

0.063(10) 

- 17.5  ±  5.5 

£2 

0.057 

— 

On  the  other  hand,  the  comparison  of  the  measured  KIL  ratio 
=  6.5(10),  see  ref.  5,  with  the  theoretical  KIL  values  (A7Z,(M1) 
=  1.5,KIL(E2)  =  4.5),  see  ref.  25,  supports  the  multipolarity 
of  the  266  keV  transition  as  being  of  the  predominantly  Ml 
type.  This  is  in  contradiction  to  the  99%£2  component  of  this 
transition  as  reported  by  Michelkakis  and  Hamilton  (14). 

Also,  if  we  use  the  above  8  values  of  the  266  keV  transition 
in  the  analysis  of  the  131-266  keV  cascade,  the  8(266)  = 
- 17.5  ±  5.5  gives  the  imaginary  values  of  the  mixing  ratios 
for  the  1 3 1  keV  transition  and  is,  therefore,  ruled  out.  The  value 
of  8(266)  =  -0.14  ±  0.12  gives  two  values  of  8(131)  viz. 

8(131)  =  0.15  ±  0.18  and  8(131)  =  3.1  ±  1.2 

Out  of  these  two  values,  8(131)  =  0.15  ±  0.18,  i.e.,  Ml  + 
(2.2!S:S)  admixture  for  the  131  keV  is  found  to  be  com¬ 
patible  with  the  ICC  measurements  (5). 

Thus,  we  can  conclude  from  the  measured  KIL  ratio  for  the 
266  keV  transition  and  from  the  directional  correlation  meas¬ 
urements  of  the  131-266  keV  cascade  that  the  multipolarity  of 
the  266  keV  transition  is  Ml  +  (1.9!?;J)  %£2. 

4.3.  Spin  of  the  2516  keV  level 

The  directional  correlation  measurements  were  made  for 
three  cascades,  432-487, 432-(487)-1596,  and  919-1596  keV 
to  assign  a  definite  spin  to  the  2516  keV  level.  The  mixing  ratio 
analysis  for  the  432  and  919  keV  transitions  were  done  by  tak¬ 
ing  the  spin  of  the  2516  keV  level  to  be  3  +  and  4+;  the  values 
obtained  are  shown  in  Table  8.  Also,  in  Table  8,  Af-convercion 
coefficients  calculated  using  these  mixing-ratio  values  and  the- 


Table  9.  Transition  probabilities  of  various  y  transitions  in  l40Ce 

Transition  probabilities 

Transition  Experimental 

energy  Single  - 


(keV) 

Type 

Particle 

This  work 

Ref.  9 

109 

Ml 

3.76  xl0'° 

1.49x10" 

— 

109 

£2 

8.28  xlO5 

1.01  XlO10 

— 

242 

Ml 

4.11x10" 

2. 18  xlO7 

— 

242 

£2 

4.46  xlO7 

7.80  xlO6 

— 

266 

Ml 

5.46x10" 

3.37  XlO7 

— 

266 

£2 

7. 16  xlO7 

6.50  xlO5 

— 

329 

Ml 

1.03  xlO12 

5.60X10’ 

5.7x10’ 

329 

£2 

2.06  x10s 

1.7  xlO7 

1.4  xlO7 

487 

£2 

1.47x10’ 

4.96  XlO3 

5.0  xlO5 

816 

Ml 

1.57  xlO13 

6.74X10’ 

6.6x10’ 

816 

£2 

1.94  xlO10 

7.35  X106 

— 

868 

£1 

1.76x  10IS 

6.90  xlO12 

— 

868 

M2 

1.10x10’ 

1.33x10'° 

— 

925 

Ml 

2.30x10" 

1.01  xlO" 

1.0x10'° 

925 

£2 

3.65  XlO10 

4.87X10" 

2.6x10® 

oretical  conversion  coefficients  from  the  Tables  of  ref.  25  by 
Hager  and  Seltzer  are  compared  with  the  measured  aK  values 
(5).  Certain  8  values  were  accepted  on  this  basis.  It  is  clear 
from  this  comparison  that  it  is  not  possible  to  distinguish  clearly 
between  the  3  +  and  4  +  spin  assignment  to  the  2516  keV  level. 

The  spin  assignment  to  this  level  by  the  previous  workers 
was  done  on  the  basis  of  weak  arguments.  Garcia  Bermudez 
et  al.  (13)  assigned  a  spin  of  4+  to  this  level  from  the  77(6) 
measurements  of  the  432— (487)— 1596  keV  cascade.  More 
recently,  Michelkakis  and  Hamilton  (14)  assigned  a  spin  of  3+ 
from  the  77(8)  measurements  of  the  432-487  and  432-(487)- 
1596  keV  cascades.  The  value  of  A22  coefficients  for  the  432- 
(487)— 1596  keV  cascade  measured  by  Garcia  Bermudez  et  al. 
(13)  and  Michelkakis  and  Hamilton  (14)  are  the  same  (Table  6), 
but  these  workers  distinguished  between  two  spin  assignments 
on  the  basis  of  small  =  0.03(2)  and  -  0.04(4)  values  meas¬ 
ured  by  them.  Further,  no  systematic  trend  was  noticed  in  the 
A 44  values  measured  by  earlier  workers  (Table  6).  The  spin 
assignment  of  4+  by  Kaur  et  al.  (9)  on  the  basis  of  comparison 
of  ICC  measurements  is  also  found  to  be  not  very  reliable. 

5.  Decay  scheme  and  conclusions 

The  decay  scheme  of  140La  (TU2  =  1 .68  d)  based  on  the 
present  and  earlier  measurements  is  shown  in  Fig.  4.  The 
energies  indicated  in  this  figure  are  taken  from  ref.  31.  The 
presence  of  the  1045.0  and  1924.6  keV  transitions  confirms  the 
existence  of  the  3399.4  and  3520.8  keV  levels,  respectively. 
The  level  at  3000.7  keV  is  confirmed  by  the  presence  of  7  rays 
of  energy  1097.2  and  1404.9  keV.  The  presence  of  7  rays  at 
1877.3  and  992.9  keV  confirm  the  existence  of  the  level  at 
3473.6  keV  in  140Ce.  The  relative  intensities  of  X  rays  and 
7  rays  from  the  ,40Ba  and  l40La  decays  were  measured  pre¬ 
cisely  and  in  some  cases,  these  have  been  measured  for  the  first 
time,  using  a  set  of  well-calibrated,  high-resolution  Si(Li)  and 
HPGe  detectors.  This  work  provides  the  conversion-electron 
intensities  that  have  been  determined  with  better  precision. 

The  mixing  ratios  for  the  109  and  242  keV  transitions  in 
l40Ce  have  been  determined  for  the  first  time  from  the  direc¬ 
tional  correction  measurements.  These  transitions  are  found  to 
be  almost  Ml  in  character  with  a  small  admixture  of  £2.  The 
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266  keV  transition  in  140Ce  is  found  to  be  dominantly  Ml, 
which  is  contrary  to  the  accepted  99%  £2  multipole  admixture 
for  this  transition  as  given  in  ref.  31.  The  deduced  multipole 
admixtures  for  the  329,  432,  487,  751,  816,  868,  919,  925, 
and  951  keV  transitions,  on  the  basis  of  y-y  directional  cor¬ 
relation  measurements,  are  in  good  agreement  with  the  values 
deduced  from  conversion-coefficient  measurements  as  well  as 
earlier  reported  values  from  reaction  work  (16). 

The  experimental  transition  probabilities  for  the  109,  242, 
266,  329,  487,  816,  868,  and  925  keV  y  transitions  in  140Ce 
have  been  calculated  using  the  present  multipole  mixing  ratios 
and  -y-ray-branching  ratios.  The  values  so  obtained  are  com¬ 
pared  with  the  earlier  reported  values  (9)  and  with  the  single 
particles  estimates  in  Table  9.  The  present  values  of  transition 
probabilities  for  the  329  and  816  keV  transitions  show  good 
agreement  with  the  earlier  reported  values  (9),  whereas,  sig¬ 
nificant  differences  are  observed  for  the  487  and  925  keV 
transitions. 
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Analysis,  based  on  a  local  kinetic  dispersion  relation  in  the  tokamak  magnetic  geometry  incorporating  the  ion  transit  fre¬ 
quency  and  trapped  electrons,  indicates  that  modes  with  positive  frequencies  are  predominant.  Unstable  “drift”-type  modes 
can  have  frequencies  well  above  the  diamagnetic  frequency.  They  have  been  identified  as  the  destabilized  ion  acoustic  mode 
suffering  little  ion  Landau  damping  even  when  Tc  —  Tt. 


Une  analyse,  baste  sur  une  relation  de  dispersion  cindtique  locale  dans  la  gtem&rie  magndtique  du  tokamak  et  incorporant 
la  frequence  de  transit  des  ions  ainsi  que  les  Electrons  pi6g£s,  indique  que  les  modes  h  frequences  positives  sont  predominants. 
Les  modes  instables  de  type  «derive»  peuvent  avoir  des  frequences  bien  au-dessus  de  la  frequence  diamagnetique.  Ils  ont  ete 
identifies  comme  le  mode  ionique  acoustique  destabilise  subissant  peu  d’amortissement  ionique  de  Landau  meme  lorsque 
Tc  =  T|. 

[Traduit  par  la  redaction] 
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Identifying  the  key  instabilities  responsible  for  the  anoma¬ 
lous  thermal  and  particle  (often  radially  inward)  transport  in 
tokamaks  has  been  a  challenging  problem.  Several  candidate 
instabilities  have  been  investigated  extensively.  Among  them, 
the  hydrodynamic  ion-temperature-gradient  (ITG)  mode  and  the 
trapped-electron  mode  (either  collissionless  or  dissipative)  have 
received  particular  attention  because  of  their  large  growth  rates. 
However,  the  effects  of  kinetic  resonances  on  these  modes  have 
not  been  fully  revealed.  Regarding  the  ITG  mode,  the  ion- 
magnetic-drift  resonance  has  been  incorporated  in  some  studies 
(1,  2),  but  parallel  ion  dynamics  (ion  Landau  resonance)  has 
not  been  considered  in  refs.  1  and  2.  As  recently  shown,  ion 
Landau  damping  has  a  significant  stabilizing  influence  on  the 
ITG  mode  (3)  and  for  a  relatively  flat  density  profile,  a  steep 
temperature  gradient,  Lr/R  <  0. 1 ,  is  required,  where  LT  is  the 
temperature-gradient  scale  length  and  R  is  the  major  radius.  The 
parallel  ion  dynamics  has  been  implemented  in  the  integro- 
differential  formulation  by  Romanelli  (4).  Unfortunately,  no 
details  of  eigenfunctions  are  given,  and  the  results  presented 
are  remarked  as  “preliminary.”  Recently,  the  ion  thermal  dif- 
fusivities  in  TFTR  (tokamak  fusion  test  reactor)  (5)  and  JET 
(joint  European  torus)  (6)  have  been  compared  specifically  with 
those  predicted  from  the  ITG  theories.  A  general  conclusion  is 
that  the  tokamak  anomalous  transport  is  not  consistent  with  what 
is  expected  from  the  ITG  mode,  which  appears  to  support  the 
earlier  prediction  (3,  7)  that  the  ITG  mode  is  unlikely  to  be  a 
strong  candidate  for  anomalous  transport  in  tokamaks. 

The  previous  analyses  of  the  trapped-electron  mode  are  based 
on  a  rather  crude  ion  response  either  without  ion  magnetic  drift 
effects  (8,  9)  or  with  the  assumption  that  the  ion  transit  fre¬ 
quency  is  small  (10).  However,  in  the  long-wavelength  regime, 
the  mode  frequency  becomes  small,  and  the  ion  transit  fre¬ 
quency  is  not  necessarily  a  small  quantity  and  often  exceeds 
the  diamagnetic  frequency.  The  customary  expansion  in  powers 
of  k||  tin  should  therefore  be  avoided  in  order  to  assess  the  growth 
rate  in  a  more  satisfactory  manner. 

Another  important  electrostatic  mode,  which  has  not  received 
much  attention  presumably  because  of  its  relatively  small 
growth  rate,  is  the  toroidal  drift  mode.  After  the  original  dis¬ 
covery  (11),  a  rigorous  analysis  was  made  of  this  mode  by 


Schep  and  Venema  (12)  based  on  an  integro-differential  equa¬ 
tion.  Unfortunately,  the  magnetic  drift  resonance  of  trapped 
electrons  has  been  omitted  in  ref.  12.  As  will  be  shown,  the 
growth  rate  is  significantly  enhanced  if  this  effect  is  retained. 
Perhaps  more  important,  the  dispersion  relation  of  the  toroidal 
drift  mode  has  little  resemblance  to  that  in  slab  geometry,  and 
is  well  described  by 

o>  =  kft 

(the  ion  acoustic  frequency),  where  cs  is  the  ion  acoustic  speed. 

In  this  study,  the  three  modes  described  above  will  be  ana¬ 
lyzed  in  terms  of  a  single  local  kinetic  electrostatic-dispersion 
relation  incorporating  all  possible  kinetic  resonances  of  ions 
and  trapped  electrons.  Evidently,  the  disadvantage  of  local 
analysis  is  that  the  norms  of  all  differential  operators  ( k± ,  kl{, 
and  coD,  the  magnetic  drift  frequency)  have  to  be  assumed, 
rather  than  reduced.  However,  as  shown  in  ref.  12,  the  eigen¬ 
functions  in  the  ballooning  space  0  are  confined  in  the  region 
|0|  <  tt,  and  the  assumption  of  strong  ballooning  should  not 
cause  qualitative  errors.  The  main  findings  made  in  this  study 
are: 

(i)  The  unstable  “drift”-type  modes  in  tokamaks  can  have 
frequencies  well  above  the  electron  diamagnetic  frequency 
(id  =  3to,e), 

(if)  the  dispersion  relation  of  long-wavelength  modes  can  be 
well  approximated  by  that  of  the  ion  acoustic  mode, 

(i/i)  ion  Landau  damping  of  the  acoustic  mode  is  prohibited 
by  the  ion  magnetic  drift  even  when  Te~T,,  and 
(iv)  the  ITG  mode  is  unlikely  to  exist  in  tokamaks. 

We  assume  a  low-P  tokamak  discharge  with  axisymmetry. 
Circulating  electrons  are  assumed  to  be  adiabatic  with 
[w|  <  vTe  (the  electron  transit  frequency).  This  assumption 
allows  us  to  ignore  the  rather  minor  electron  inverse  Landau 
damping.  The  frequency  regime  of  interest  is 

wbi  «  |to|  «  m* 

where  wbj  is  the  bounce  frequency  of  ions  or  electrons.  Low- 
frequency,  trapped-ion  modes  will  therefore  be  ignored.  With 
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Fig.  1.  The  dispersion  relation  found  in  ref.  12  ( - )  and  the 

parameter  a  in  it,  =  aslqRK0  to  reproduce  it  (— ).  e„  =  0. 1 ,  T{  =  Tt, 
t)  =  0,  k0  =  ir/2,  s/q  =  1,  no  trapped  electrons. 


these  assumptions,  the  local  kinetic  dispersion  relation  for 
Maxwellian  ions  and  electrons  is 


[1]  1  +  t  =  T 


h 


O)  +  (0.,  (v2) 


+  “Di  (»)  -  *||  V| 


Jo  Wm  (v1)  d3w 


+ 


/• 


w  -  G>.t  (v2) 

“  ~  «De  (V) 


fuM)  d*V 


where  t  =  TtTx  is  the  temperature  ratio, 


[2] 


=  j  =  i  or  e 

is  the  energy-dependent  diamagnetic  drift  frequency  with 

c7i 

PI  “.j  =  ^5  (V  ln  no  *B)'kx 
being  the  diamagnetic  drift  frequency, 


is  the  argument  of  the  Bessel  function 


is  the  velocity-dependent  magnetic  drift  frequency  with  e„  = 
LnIR  the  density  gradient  inverse  aspect  ratio,  k  =  kr/k9  the 
ballooning  variable,  =  *e  +  &r,  and  finally  Tr  indicates  the 
trapped  region  in  the  electron  velocity  space  that  may  be 
approximated  by  |i/J  <  Ve  tij..  Solutions  for  w  can  be  found 
through  numerical  integration  of  [1]  over  the  velocity.  The  par¬ 
allel  wave  number  ftp  may  be  approximated  by 


[5] 


s 

qR 


s  1 

qR  k0 


where  iq,  is  the  mode  width  of  the  eigenfunction  in  the  Fourier 
(or  ballooning)  space  k.  In  several  ballooning  analyses  devoted 
to  drift-type  modes  in  tokamaks,  it  has  been  established  that 
Kq  —  C(l)  remains  constant  over  a  wide  range  of  the  poloidal 
wave  number  k8.  For  example,  in  the  work  by  Schep  and 
Venema  (12)  (jfcep)2  is  varied  from  0.01  to  0.1,  but  the  mode 
width  Kg  remains  essentially  constant.  To  determine  the  value 
of  L  that  satisfactorily  recovers  the  dispersion  relation  worked 
out  in  ref.  12  in  terms  of  a  rigorous  integro-differential  for¬ 
mulation,  we  consider  the  parameters  identical  to  those  in  ref. 
12,  Tc  =  Ti(  tic  =  T|i  =  0,  e„  =  0.1,  s  =  q  =  1  and  we 
ignore  trapped  electrons  in  [1].  Figure  1  shows  the  parameter 
a  ( — )  when  L  in  [1]  is  written  as 


*i,= 


s  1 
a  —  — 

qR  k0 


in  order  to  recover  the  (marginally  stable)  dispersion  relation 
in  Fig.  1  of  ref.  12.  Here  iq,  is  chosen  as  iq,  =  ir/2  since,  when 
s  =  1,  the  eigenfunction  tends  to  peak  at  this  value.  As  can  be 
seen,  a  is  rather  insensitive  to  k  =  &ep.  We  therefore  assume 


throughout  this  study.  (The  finiteness  of  effective  ^  even  for 
modes  localized  at  a  mode  rational  surface  is  evidently  due  to 
the  toroidicity,  namely,  the  coupling  between  modes  localized 
on  neighboring  rational  surfaces.  In  the  past,  kt]  —  s/qR  has  been 
assumed  in  numerous  qualitative  studies  of  electrostatic  and 
electromagnetic  ballooning  modes.)  In  the  long-wavelength 
region  (Ar0p)2  -  0.01  where  the  drift  frequency  w.  is  very  small, 
the  ion  acoustic  transit  frequency  thus  becomes  predominant, 
and  the  appearance  of  modes  with  w  >  (»,e  is  due  to  the  cou¬ 
pling  with  the  ion  acoustic  mode.  Throughout  this  study,  we 
also  assume  T{  =  Te,  thus  11  =  11,  =  lie. 

If  k||  is  artificially  suppressed,  the  dispersion  relation  yields 
the  familiar  ii,  mode  with  negative  frequencies,  and  also  the 
trapped-electron  mode  with  positive  frequencies.  (When 
fcy  =  0,  the  toroidal  drift  mode  is  evidently  suppressed  because 
of  a  lack  of  coupling  to  the  ion  acoustic  mode.)  The  dispersion 
relations  of  these  modes  are  shown  in  Figs.  2  and  3,  respec¬ 
tively,  for  the  case  ti  =  2,  e„  =  0.2,  and  Ve  =  0.5.  The 
mode  frequency  <u  =  tor  +  v y  is  normalized  by  the  density 
gradient  diamagnetic  frequency  w.  (=  <o,j  =  co.e).  Compared 
with  the  local  kinetic  result  in  Fig.  4  of  ref.  4,  it  can  be  seen 
that  the  i),  mode  is  further  destabilized  by  trapped  electrons. 
However,  if  the  parallel  wave  number  given  in  [6]  is  assumed, 
the  ion  temperature-gradient  mode  is  suppressed  even  with 
trapped  electrons. 

Figure  4  shows  the  results  when  Jtj,  in  [6]  is  assumed.  (Other 
parameters  are  unchanged  from  those  in  Figs.  2  and  3.)  Note 
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Fic.  2.  Dispersion  relation  (<o  -  k6  diagram)  of  the  T|,  mode  with 
trapped  electrons  when  k$  =  0.  k  -  *ep,  Tt  =  Tc,  n  =  ne  =  = 

2,  e„  =  0.2,  e  =  0.25. 


O.OI  0.1  0  1.0  10 

kz 


Fig.  3.  Dispersion  relation  of  the  trapped-electron  mode  when 
Jfc,  =  0  with  the  same  parameters  as  in  Fig.  2. 


that  both  modes  have  positive  frequencies.  No  unstable  modes 
with  negative  frequencies  have  been  found.  Mode  I  in  Fig.  4 
is  the  toroidicity-induced  drift  mode  destabilized  by  tempera¬ 
ture  gradients  and  trapped  electrons.  (The  contribution  from  the 
inverse  Landau  damping  on  untrapped  electrons  is  negligibly 
small;  see  ref.  12.)  It  has  a  threshold  in  k,  Ic2  5:  0.01  for  inst¬ 
ability.  The  long-wavelength  regime  (k?  s  0.04)  is  the  trapped- 
electron  mode.  However,  in  this  regime,  the  trapped-ion 
contribution  should  also  be  considered,  and  Mode  II  shown  in 
Fig.  4  requires  more  detailed  analysis  incorporating  collisions. 

The  frequency  of  Mode  I  can  exceed  the  electron  diamag¬ 
netic  frequency  by  a  factor  as  large  as  3  to  4.  Therefore,  it  is 
inappropriate  to  call  it  a  drift  mode.  In  fact,  if  the  mode  fre¬ 
quency  <or  is  normalized  by  the  ion  acoustic  frequency  <u,  = 
kfs,  cor/(o,  remains  of  order  unity  over  a  wide  range  of  k.  (For 
example,  at  k  =  0.1,  wr/(os  ==  1 .7,  at  k  =  1 ,  the  ratio  is  1 .5.) 
Since  Te  =  T,  by  assumption,  one  would  expect  such  an 
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Fig.  4.  Dispersion  relation  when  k,  in  [6]  is  assumed,  s/q  -  1, 
£„  =  0.2.  Other  parameters  unchanged  from  Fig.  2.  No  unstable  modes 
with  negative  frequencies  have  been  found. 


“acoustic"  mode  should  be  strongly  ion  Landau  damped. 
However,  the  ion  kinetic  resonance 

[7]  to  +  u>Di  (v)  -  *||U||  =  0 
requires 

[8]  (^uTi)2  >  8e„(o.w 

where  vr,  ~  V2r,/Af.  Since  w  -  co,  -  (Te  -  Tj,  the 
above  condition  becomes 

which  approximately  corresponds  to  the  lower  unstable  bound¬ 
ary  of  Mode  I  shown  in  Fig.  4.  Therefore,  the  acoustic  mode 
prevails  in  the  region  k2  >  0.01  without  suffering  ion  Landau 
damping  even  when  Te  =  Tx.  (The  acoustic  mode  persists  for 
relatively  flat  density  profiles  as  will  be  shown  in  Figs.  6  and 
7.)  This  observation  indicates  that  unstable  low-frequency 
modes  in  tokamaks  are  largely  determined  by  the  magnetic  cur¬ 
vature  rather  than  by  the  pressure  gradient.  In  fact,  the  insta¬ 
bility  prevails  even  with  a  flat  density  profile  ( L„  >  R).  (Note 
that  the  frequency  is  dictated  by  the  ion  acoustic  transit  effect 
(cos «  l/R)  and  the  growth  rate  by  trapped  electrons  whose  frac¬ 
tion  is  proportional  to  1  /Vr.)  The  familiar  dispersion  relation 
of  drift  mode  in  slab  geometry 

1  -  (*xPi)2 


is  irrelevant  for  tokamaks,  and  failure  of  experimental  attempts 
(14)  to  identify  the  slab-mode  dispersion  relation  in  tokamaks 
is  not  really  surprising. 

The  absence  of  the  q,  mode  with  negative  frequencies  in 
Fig.  4  is  owing  to  its  disappearance  when  a  finite  ^  given  in 
[6]  is  assumed,  that  is,  when  parallel  ion  dynamics  is  fully 
implemented.  Figure  5  shows  the  transition  of  three  modes,  the 
rij  mode  in  Fig.  2  with  k2  =  0. 1 ,  and  the  two  electron  modes 
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Fio.  5.  Effects  of  Jt,on  three  modes:  the  r,  mode  (k1  =  0.1),  and 
two  electron  modes  with  k 1  —  0.01  and  0. 1  The  parameter  A  is  the 
suppression  coefficient  for  A^.  Te  =  Tv  e  *  0.2,  e  =  0.25,  t)  =  2. 


with  k2  -  0.01  and  0. 1  as  Akl{  is  gradually  increased  from  zero. 
(The  parameter  A  is  the  suppression  coefficient  for  kr)  The 
mode  becomes  damped  before  the  full  value  of  k.  (A  =  1)  is 
reached.  The  trapped-electron  mode  with  k2  =  0.01  is  also 
strongly  damped  as  increases,  but  not  completely.  The  shorter 
wavelength  trapped-electron  mode  ( k 2  =  0.1)  is  further  des¬ 
tabilized  by  fc,|.  The  disappearance  of  the  t)j  mode  is  not  incon¬ 
sistent  with  the  finding  in  ref.  7  in  which  a  search  for  hydro- 
dynamic  unstable  eigenfunctions  was  not  successful. 
(Romanelli  (4)  has  claimed  that  the  -p,  mode  is  insensitive  to 
the  value  of  ^  (see  Fig.  1  of  ref.  6),  based  on  a  hydrodynamic 
analysis,  which,  however,  evidently  lacks  kinetic  ion  damping.) 

We  now  return  to  Fig.  4.  In  extremely  long-(fc2  <  0.01)  and 
short- (V  >  0.5)  wavelength  regimes,  both  Mode  I  and  Mode 
II  become  similar.  This  is  due  to  the  fact  that  in  both  limits, 
the  ion  response  tends  to  be  adiabatic.  In  the  long- wavelength 
limit,  the  ion  transit  frequency  is  dominant,  while  in  the  short- 
wavelength  limit,  the  finite  (or  large)  ion  Larmor  radius  makes 
ion  dynamics  adiabatic.  Of  course,  Mode  II  is  subject  to  the 
condition  that  the  ion  bounce  frequency  be  smaller  than  the 
mode  frequency,  and  in  the  region  of  extremely  long  wave¬ 
length  (k2  -  0.001),  effects  of  trapped  ions  should  be 
incorporated.  When  the  ion  term  in  [1]  is  suppressed,  and  the 
velocity  dispersion  of  the  trapped-electron  magnetic  drift  is  also 
ignored,  we  obtain  the  following  hydrodynamic  dispersion 
relation, 


[91 


1  +  T 


Ve  ( 

-  w  -  w.e 

-  ®Dc  V 


®  J 


which  describes  the  short-wavelength  ubiquitos  mode  (15)  with 
an  electron  temperature  gradient.  When  t  =  1,  e„  =  0.2, 
Ve  =  0.5,  and  Tie  =  2  (as  in  Fig.  4),  (9]  predicts  w  =  (0.3 
+  i  0.51)co,e.  In  Fig.  4,  the  frequency  is  in  a  reasonable  agree¬ 


Fig.  6.  Dispersion  relation  when  T,  =  Tt,  t\  =  2,  £„  =  0.4, 
e  =  0.25,  slq  =  1 .  Note  the  disappearance  of  pure  electron  trapped- 
electron  mode  in  the  region  k2  S  0.01  and  k2  >  1  in  Fig.  4. 


Fig.  7.  Dispersion  relation  when  I ,  =  Te,  T|  =  4,  e„  =  0.4, 
e  =  0.25,  slq  =  1. 


ment  with  <or  —  0.35w,e  at  k2  S  0.5.  However,  the  growth  rate 
from  the  hydrodynamic  approximation  is  a  significant  overes¬ 
timate  (y/u>,e  =  0.51  vs.  0.1  at  V  =  3  in  Fig.  4).  It  is  evident 
that  the  velocity  dispersion  of  the  magnetic  drift  resonance  of 
trapped  electrons  has  a  significant  stabilizing  influence. 

The  absence  of  negative  frequency  modes  (the  ti,  mode)  per¬ 
sists  over  a  wide  variation  of  e„  and  t).  Figure  6  depicts  the 
dispersion  relation  for  the  case  i)  =  2,  e„  =  0.4  with  other 
parameters  unchanged.  For  r\  =  2,  the  pure  electron  modes 
with  extremely  long  and  short  wavelengths  seen  in  Fig.  4  dis¬ 
appear  at  about  e„  —  0.25.  However,  it  reappears  when  the 
temperature  gradient  is  increased.  Figure  7  shows  the  disper¬ 
sion  relation  for  the  case  -q  =  4,  e„  =  0.4.  The  apparent  large 
growth  rate  is  due  to  the  normalization  by  the  density-gradient 
diamagnetic  frequency.  When  r\  >  1,  normalization  by  the 
temperature-gradient  diamagnetic  frequency,  y/r\w,,  is  more 
appropriate.  In  terms  of  such  normalization,  the  maximum 


106 


CAN.  1.  PHYS.  VOL.  69,  1991 


growth  rate  decreases  to  y/r\<n.  =*  0.18.  The  high-frequency 
modes  (<■>  >  (■>,)  seen  in  Figs.  6  and  7  are  essentially  the  acous¬ 
tic  mode  described  earlier. 

Finally,  the  underlying  electrostatic  approximation  will  be 
commented  on.  It  is  generally  accepted  that  the  electrostatic 
approximation  should  be  valid  if  the  (3  factor  is  small.  How¬ 
ever,  its  upper  limit  has  not  been  well  established.  When  cir¬ 
culating  electrons  are  adiabatic,  |o>  -  cDoJ  ^  ^vTc,  their  density 
and  parallel  current  perturbations  are  given  by 


[10] 


« «0 
Tt 


1111 

where  i4n  is  the  parallel  vector  potential,  and  for  simplicity  the 
electron  temperature  gradient  is  ignored.  The  electrostatic 
approximation  obviously  requires 

|C*||4>I  ►  l(“>  “  “*eM||| 

If  the  contributions  from  ions  and  trapped  electrons  to  the  par¬ 
allel  current  are  ignored,  which  is  die  case  when  p  1, 
Ampere’s  law  yields 


even  in  low-p  tokamaks,  and  should  be  generalized  to  electro¬ 
magnetic  analysis.  For  example,  it  has  been  found  recently  that 
a  low-p  tokamak  should  be  unstable  in  the  wavelength  regime 
kx  —  Up Jc  (17),  which  may  have  important  implications  to 
the  anomalous  electron  thermal  diffusivity  in  tokamaks. 

One  of  the  main  findings  in  this  study  is  that  the  popular 
hydrodynamic  ITG  mode  is  unlikely  to  exist  in  tokamaks.  This 
supports  the  theoretical  (3,  7)  and  experimental  (5,  6)  indica¬ 
tions  that  the  ITG  mode  may  not  be  playing  a  major  role  in  the 
tokamak  anomalous  transport.  Furthermore,  a  modest  p  (of 
order  1%)  can  stabilize  the  ITG  mode,  as  recently  shown  (18). 

In  summary,  it  has  been  shown  in  terms  of  local  kinetic  anal¬ 
ysis  that  low-frequency  electrostatic  instabilities  in  tokamaks 
are  dominated  by  positive  frequency  modes  provided  the  ion 
kinetic  effects  (the  ion  magnetic  drift  and  parallel  Landau  res¬ 
onances)  are  properly  taken  into  account.  The  dispersion  rela¬ 
tion  of  the  trapped-electron-induced  toroidal  drift  mode  is  well 
described  by  that  of  the  ion  acoustic  mode,  which  is  shown  to 
be  free  from  ion  Landau  damping  even  when  Te  =  T,  because 
of  the  ion  magnetic  drift. 
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Then,  the  inequality  reduces  to 

lu-“*el2 

provided  u.e  >  u^.  Since  kl{  —  s/qR,  |,y|  =  u,e,  we  find 

[12]  M 


as  the  condition  for  the  electrostatic  approximation.  Here  Lp  is 
the  pressure-gradient  scale  length.  In  the  core  region  of  a  toka¬ 
mak  discharge,  the  shear  parameter  s  is  small,  while  near  the 
edge,  the  pressure-gradient  scale  length  Lp  is  small,  and  the 
safety  factor  q(r)  is  large.  Therefore,  the  condition  derived 
above  is  rather  stringent.  (For  a  flat  temperature  profile,  Lp  is 
large,  but  the  shear  is  expected  to  be  small  if  the  classical  plasma 
resistivity  prevails.)  It  has  recently  been  observed  in  several 
tokamaks  that  the  density  and  magnetic  fluctuations  are  closely 
correlated  even  in  low-p  (==  G(10-3))  ohmic  discharges  (16). 
The  traditional  electrostatic  approximation  may  not  be  adequate 
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Light  can  be  used  to  excite  surface  plasmons  if  there  are  proper  mechanisms  for  coupling  with  those  surface  plasmons.  This 
coupling  can  usually  be  achieved  via  surface  roughness  or  evanescent  waves  in  attenuated  total-reflection  experiments.  In  the 
present  work,  we  report  evidence  of  the  possibility  of  having  a  resonant  optical  absorption  when  a  granular  dielectric  layer  is 
deposited  on  a  metallic  surface.  Very  thin  films  of  MgF2  of  mass  thickness  up  to  8  nm  have  been  used  as  a  discontinuous 
overcoat  on  Au  films  of  100  nm  thickness.  Reflectivity  measurements  with  p-polarized  light  incident  at  40°  show  a  resonant- 
type  absorption  near  520  nm  when  the  dielectric  layer  is  added  to  the  Au  surface.  As  the  MgF2  film  grows  thicker  and  becomes 
continuous  this  absorption  feature  is  no  longer  prominent.  To  account  for  this  phenomenon,  an  effective-medium  theory  is 
used  to  describe  the  optical  behavior  of  the  coated  Au  surface.  By  including  mirror-image  effects  in  the  dipole  approximation, 
ba?ic  features  of  experimental  measurements  can  be  reproduced, 


La  lumi&re  peut  etre  utilisde  pour  exciter  des  plasmons  de  surface,  s’il  existe  des  mdcanismes  approprids  pour  le  couplage 
avec  ces  plasmons  de  surface.  Ce  couplage  peut  habituellement  Stre  rdalisd  via  les  rugosites  de  la  surface  ou  les  ondes  dva- 
nescentes  dans  les  experiences  de  inflexion  totale  attdnude.  Dans  le  prdsent  travail,  nous  apportons  une  preuve  de  la  possibilitd 
d’avoir  une  absorption  optique  rdsonante  lorsqu’une  couche  didlectrique  granulaire  est  ddposde  sur  une  surface  mdtallique. 
Des  couches  trts  minces  de  MgF2,  d’dpaisseur  de  masse  allant  jusqu’i  8  nm,  ont  did  utilisds  comme  recouvrement  discontinu 
sur  des  films  d’or  de  100  iim  d’dpaisseur.  Des  mesures  de  rdflectivitd  en  lumidre  polarisde  p  it  40°  d’incidence  montrent  qu’il 
y  a  absorption  de  type  dsonant  pres  de  510  nm  lorsque  la  couche  didlectrique  est  placde  sur  la  surface  Au.  Lorsque  la  couche 
de  MgH2  s’dpaissit  et  decent  continue,  cet  effet  d’absorpticn  n’est  plus  aussi  prononed.  Afin  de  rendre  compte  de  ce  phd- 
nomdne,  on  utilise  une  thdorie  de  milieu  effectif  pourdderire  le  comportement  optique  de  la  surface  Au  recouverte.  En  incluant 
des  effets  d’images  de  miroir  dans  l’approximation  dipolaire,  les  caractdristiques  principales  des  donndes  expdrimentales 
peuvent  fitre  reproduites. 

[Traduit  par  la  redaction] 
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Introduction 

Surface-plasmon  studies  have  attracted  a  great  deal  of  inter¬ 
est  from  various  workers  (1).  Collective  electron  resonances  in 
bulk  metals  can  be  excited  by  energetic  charged  particles  or  by 
light  under  some  conditions.  They  are  abo  observed  in  metallic 
particles  and  the  resonance  frequencies  depend  on  the  particular 
geometry  of  those  particles.  The  most  studied  particle  shapes 
are  spherical  and  ellipsoidal  ones  (2). 

In  the  case  of  a  solid  smooth  surface,  light  cannot  be  used 
to  excite  surface  plasmons  unless  there  are  some  mechanisms 
forphoton-surface-plasmon  coupling.  It  is  well  know  a  that  this 
coupling  can  be  achieved  through  surface  roughness  (3),  a  grat¬ 
ing  (4)  or  evanescent  waves  in  attenuated  total-reflection  meth¬ 
ods  (5).  In  this  paper,  we  report  evidence  of  the  possibility  of 
having  a  resonant  absorption  when  a  granular  dielectric  layer 
is  deposited  on  a  metallic  surface.  For  that  matter,  ultrathin 
MgF2  was  used  as  the  dielectric  materia'  and  Au  was  the  metal¬ 
lic  substrate.  The  main  features  of  the  absorption  can  be 
accounted  for  by  an  effective-medium  theory  considering  mir¬ 
ror-image  effects.  Some  of  the  important  results  found  by  this 
approach  are  given  together  with  suggestions  for  future  work. 

Theoretical  considerations 

The  model  used  for  describing  the  optical  properties  of  a 
superficial  granular  overlayer  has  been  described  in  previous 
works  (6,  7).  Basically,  the  particles  constituting  the  overlayer 
are  assumed  to  be  of  spheroidal  shape  and  very  small  compared 
with  the  wavelength  of  light  so  that  the  dipole  approximation 


can  be  justified.  Dipole-dipole  interactions  can  be  taken  into 
account  and  include  two  parts,  one  giving  the  interaction 
between  the  induced  dipole  in  the  particle  and  its  mirror  image 
in  the  substrate,  and  the  other  the  interaction  with  surrounding 
particles  located  on  the  substrate.  If  the  particles  are  sufficiently 
well  separated,  the  interaction  with  surrounding  particles  can 
be  neglected  and  one  may  only  consider  the  interaction  with 
mirror  images  in  the  substrate.  It  is  precisely  this  interaction 
that  allows  the  optical  resonance  to  take  place.  The  consider¬ 
ation  of  this  interaction  leads  to  the  determination  of  an  effec¬ 
tive  dielectric  constant  for  the  granular  layer,  which  shows 
strong  anisotropy  characteristics.  The  effective  depolarization 
factors  Fb  and  for  the  spheroidal  particle  are  found  to  be  (6). 


[1] 

and 

[2] 


where  the  subscripts  ||  and  j-  refer  to  directions  parallel  and 
perpendicular  to  the  film  plan,  respectively,  y  is  the  axial  ratio 
of  the  particle,  v)  is  the  distance  separating  the  induced  dipole 
and  its  mirror  image  divided  by  the  rotational  axis  of  the  ellip¬ 
soid,  and  cs  represents  the  dielectric  constant  of  the  substrate, 
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i.e.,  Au  in  the  present  study.  The  real  depolarization  factors/, 
and  fj.  are  functions  of  the  axial  ratio  of  the  particle.  Their 
values  increase  with  decreasing  dimensions  of  the  particle  along 
the  direction  of  the  applied  field.  In  particular,  when  the  spher¬ 
ical  shape  is  considered,/,  and are  both  equal  to  1/3. 

The  expressions  for  the  anisotropic  dielectric  granular  over¬ 
layer  are  then  given  by: 

131  '>=1  +  <nTG> 

and 


141  = 

where  Q  is  the  filling  factor  of  the  dielectric  particles,  and 


with  e,  representing  the  dielectric  constant  of  the  particles,  i.e., 
of  MgF2  in  the  present  work. 

If  A/,  =  (€|j)l/2,  Nj_  =  (01/2,  and  A/,  =  (€,)1/2,  the  reflectivity 
coefficients  for  p-  and  s-polarized  light  at  the  incident  angle  0,,, 
are  given  by  (8) 


[6] 


rip  +  r2p  e 
1  +  rip  r2pe~^p 


[7] 


*,= 


1  + 


respectively,  with 

A/,AL  cos  0O  -  {Nj  -  sin2  0O)1/2 
[6i  r,p  =  A^cos  0O  +  (Nj  -  sin2  0O),/2 


-A^AL cos  0O  +  /V, (Nj  -  N2 sin2 0,)1'2 
191  r2p  =  Nt  cos  0O  +  Nt  (Nj  -  N,2  sin2  0S),/2 


d  NW  /%,  2  _  cin2a  \  1/2 


[10]  Pp  =  2ir-j^-(A/J.2  -  sin20o)‘ 


cos  0O  -  (A/,2  -  sin2  0O),/2 
11 1]  r,s  =  cos  0O  +  (/V,2  -  sin2  0O),/2 

-Nt  cos  0S  +  (A/,2  -  N2  sin2  05)l/2 

[12]  r 2s  =  Nt  cos  0S  +  (/V,2  -  N2  sin2  0S)1/2 

[13]  P,  =  2  ir  ^  (A/,2  -  sin2  0O)1/2 


It  is  noted  that  in  the  above  formulas,  the  convention  defining 
the  imaginary  part  of  the  dielectric  constant  as  negative  is 
adopted.  The  dielectric  film  thickness  is  d  and  X  is  the  light 
wavelength.  The  angles  0O  and  0,  are  related  through  A/,  sin  0, 
=  sin  0O. 


Consequences  of  the  model 

With  the  above  effective-medium  model  and  tabulated  data 
for  material  optical  constants  (9),  the  reflectivity  of  a  gold  sub¬ 
strate  overcoated  by  a  granular  MgF2  layer  can  be  calculated. 
The  granular  film  parameters  can  be  chosen  in  such  a  way  as 
to  reflect  realistic  situations  (6).  Both  the  s-  and  p-polarizations 
of  the  incident  light  are  considered  and  examples  are  shown  in 
Figs.  1  and  2  for  three  different  incidence  angles,  namely  0, 
40,  and  30.  In  Figs.  1  and  2  the  magnitude  of  the  drop  in  reflec¬ 
tivity  of  the  gold  surface  when  it  is  overcoated  with  MgF2  is 
shown.  At  normal  incidence  the  drop  is  of  course  identical  for 
s-  and  p-polarizations,  but  as  the  incident  angle  is  increased,  a 
well-defined  peak  can  be  seen  in  the  case  of  p-polarization  while 
the  maximum  observed  with  s-polarization  is  rather  broad.  By 
contrast  with  the  p-polarization  case,  the  peak  at  normal  inci¬ 
dence  for  s-polarized  light  is  better  defined  than  for  higher 
angles  of  incidence.  In  general,  it  would  be  preferable  to  make 
experimental  measurements  with  p-polarized  light  at  oblique 
incidence  to  locate  the  absorption  feature. 

Comparison  can  also  be  made  between  gold  surfaces  over¬ 
coated,  respectively,  with  a  continuous  MgF2  layer  and  a  gran¬ 
ular  MgF2,  having  an  equivalent  mass  thickness.  Figure  3  shows 
such  a  comparison,  and  clearly  in  the  case  of  a  continuous  over¬ 
layer  no  resonant  structure  can  be  found.  One  should  however 
note  the  smallness  of  the  drop  in  reflectivity. 

If  the  coverage  of  the  gold  surface  by  the  dielectric  particles 
is  increased,  the  drop  in  reflectivity  can  increase  noticeably 
(Fig.  4).  The  same  trend  is  also  observed  with  the  film  thick¬ 
ness  and  the  axial  ratio  of  the  particles. 

Experimental  results  and  discussion 

Gold  films  of  100  nm  thickness  were  first  deposited  in  high 
vacuum  on  a  glass  slide  and  served  as  the  metallic  substrates. 
The  purity  of  Au  as  quoted  by  the  manufacturer  was  99.999%. 
Very  thin  films  of  MgF2  were  formed  on  Au  at  room  temper¬ 
ature  by  thermal  evaporation.  The  thickness  of  the  deposits  was 
monitored  by  a  quartz  oscillator  and  varied  from  2  to  8  nm.  At 
such  thicknesses,  MgF2  films  would  be  discontinuous.  Thicker 
and  thus  continuous  films  have  also  been  prepared  for  com¬ 
parison  with  theory.  The  drop  in  reflectivity  with  respect  to  bare 
Au  films  was  then  measured  with  incident  p-polarized  light  and 
denoted  by  A/?p  representing  /?p(Au)  -  /?p(Au  +  MgF2).  The 
incident  angle  was  40°  in  all  cases.  The  optical  measurements 
were  made  with  a  reflectometer  (10)  using  a  lock-in  detection 
system  and  a  Glan-Taylor  prism  as  a  polarizer.  The  reflectivity 
of  each  surface  was  stored  in  a  computer  and  the  difference  in 
reflectivity  between  surfaces  found  directly.  The  general  shape 
of  the  experimental  curves  for  this  difference  can  be  easily 
reproduced  with  a  precision  of  the  order  of  0.002. 

In  the  case  of  very  thin  discontinuous  MgF2  overlayers, 
measurements  clearly  showed  a  peak  in  the  reflectivity  differ¬ 
ence  near  the  520  nm  wavelength.  This  is  consistent  with  pre¬ 
dictions  of  the  theoretical  model.  To  obtain  more  quantitative 
agreement  between  theory  and  experiment,  a  log-normal  dis¬ 
tribution  function  was  introduced  to  account  for  the  variety  of 
particle  shapes.  A  similar  approach  also  can  be  found  in  pre¬ 
vious  studies  on  agg  egated  films  (11).  Such  distributions 
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X(nm) 


Fig.  1.  The  difference  in  s-polarized  light  between  the  bare  Au  substrate  and  the  Au  substrate  overcoated  with  a  MgF2  film  characterized  by 
y  =  2.0,  Q  -  0.3,  ii  =  0.85,  and  d  =  10  nm.  This  difference,  denoted  by  is  shown  for  three  different  angles  of  incidence:  0, 40,  and 
50°. 


X(nm) 

Fig.  2.  Same  as  in  Fig.  1,  but  with  p-polarized  light.  The  difference  is  now  denoted  as  ARp. 


should  be  normalized  to  the  filling  factor  for  the  granular  layer 
and  thus  expressions  [3]  and  [4]  become: 

"4| 

1,51 

where  g(y)  represents  the  log-normal-distribution  function. 


Figures  5-7  show  the  experimental  and  calculated  curves 
representing  the  magnitude  of  the  reflectivity  drop  for  three 
films  of  experimental  mass  thicknesses  2,  3,  and  7.7  nm, 
respectively.  The  figure  captions  list  the  parameters  used  for 
obtaining  the  calculated  curves.  The  mean  axial  ratio  is  found 
to  vary  between  2. 1  and  2.5,  suggesting  that  there  is  not  much 
change  in  particle  shape,  and  the  filling  factors  for  the  three 
films  are  0.23,  0.23,  and  0.32,  respectively.  When  thicker 
overlayers  were  deposited,  the  resonant  feature  in  the  reflec¬ 
tivity  difference  curve  was  less  obvious.  For  those  films,  the 
granular  nature  may  no  longer  be  true  and  no  satisfactory  com¬ 
parison  with  theory  could  be  obtained.  Good  agreement 
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X(nm) 

Fio.  3.  A R  at  40°  calculated  for  a  granular  MgF2  characterized  by  y  =  2.0,  Q  -  0.2,  tj  =  0.95,  and  d  =  15  nm  (curve  1)  and  for  a 
continuous  MgF2  film  with  an  optical  thickness  of  3  nm. 


X  (nm) 

Fio.  4.  A Rp  at  40°  calculated  for  a  MgF2  film  characterized  by  y  =  2.0,  t)  =  0.85,  and  d  =  10  nm.  The  three  curves  are  for  respective  Q 
values  of  0.2,  0.3,  and  0.4. 


between  measured  values  and  calculated  curves  was  however 
easily  obtained  with  thick  films  such  as  a  50  nm  MgF2.  In  that 
case,  calculations  were  performed  with  the  overlayer  consid¬ 
ered  as  continuous.  In  a  sense,  a  thickness  of  about  8  nm  con¬ 
stituted  an  upper  limit  for  the  applicability  of  the  model.  Below 
the  thickness  of  2  nm,  observation  of  the  resonant  feature  was 
difficult  owing  to  experimental  limitation.  These  facts  explain 
the  relative  narrow  range  of  values  for  the  thicknesses  studied. 
It  should  be  noted  that  the  thickness  parameter  used  in  the  cal¬ 
culations  represents  the  optical  thickness,  which,  in  principle, 


would  be  given  by  the  mass  thickness  divided  by  the  filling 
factor  Q.  If  such  a  relation  is  assumed,  the  parameters  used 
would  give  2.3,  2.6,  and  8.5  nm,  respectively,  as  mass  thick¬ 
nesses  for  the  three  films  studied.  Such  values  are  not  very  far 
off  the  experimental  ones  which  are  2,  3,  and  7.7  nm, 
respectively. 

Jasperson  and  Schnatterly  (12),  in  a  study  of  coupling 
between  photon  and  surface  plasmons  in  Ag  foils,  have  used 
polarization  modulation  techniques  to  observe  a  resonance  shift 
with  increasing  MgF2  overcoat  thickness.  No  attempt  however 
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Fig.  5.  ARp  at  40°  as  a  function  of  wavelength.  The  continuous  line  curve  is  the  experimental  data,  with  a  MgF2  film  having  a  mass  thickness 
of  2  nm.  The  broken  line  curve  is  the  calculated  data,  with  the  following  parameters:  Q  =  0.23,  t)  =  0.97,  d  =  10  nm,  and  a  mean  axial  ratio 
of  2.2  with  a  standard  deviation  of  1.22. 


X(  nm) 


Fig.  6.  A Rp  at  40°  as  a  function  of  wavelength.  The  continuous  line  curve  is  the  experimental  data,  with  a  MgF2  film  having  a  mass  thickness 
of  3  nm.  The  broken  line  curve  is  the  calculated  data,  with  the  following  parameters:  Q  =  1.26,  t|  =  0.99,  d  =  11.5  nm,  and  a  mean  axial 
ratio  of  2.5  with  u  standard  deviation  of  1.26. 


was  made  to  distinguish  the  granular  and  discontinuous  nature 
of  the  overcoat  and  the  authors  suggested  that  such  phenome¬ 
non  may  be  attributed  to  impurities  or  surface  roughness.  Mir¬ 
ror-image  effects  have  not  been  considered. 

Concluding  remarks 

In  this  paper,  we  show  that  mirror-image  effects  may  provide 
the  necessary  mechanism  for  coupling  between  the  incident 
light  and  surface  plasmons  in  metals.  A  resonant-type  absorp¬ 
tion  can  be  observed  when  a  granular  MgF2  is  deposited  on  a 


smooth  Au  surface.  As  this  overlayer  thickens  and  becomes 
continuous,  the  structure  in  A/?p,  found  by  calculations  based 
on  an  effective-medium  approach,  is  no  longer  observed. 
Instead,  the  experimental  data  are  consistent  with  calculations 
performed  assuming  a  continuous  MgF2  overlayer. 

Attempts  at  using  electron  microscopy  to  characterize  the 
very  thin  MgF2  overcoat  were  not  successful  because  of  the 
smallness  of  the  particles  and  the  lack  of  good  contrast  in  the 
micrographs.  Based  however  on  studies  of  dielectric  film 
growth  on  metal  substrates,  it  is  not  unreasonable  to  assume 
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Fig.  7.  AJ7  at  40°  as  a  function  of  wavelength.  The  continuous  line  curve  is  the  experimental  data,  with  a  MgF2  film  having  a  mass  thickness 
of  7.7  nm.  Tne  broken  line  curve  is  the  calculated  data,  with  the  following  parameters:  Q  =  0.30,  -ri  =  0.98,  d  =  26.5  nm,  and  a  mean  axial 
ratio  of  2. 1  with  a  standard  deviation  of  1.3. 


300  400  500  600  700 

X  ( nm) 

Fig.  8.  A Rp  at  40°  calculated  for  films  characterized  by  y  =  2.0,  tj  =  0.95,  and  d  =  15  nm  with  different  values  for  the  index  of  refraction. 


the  discontinuous  nature  of  the  very  thin  MgF2  overcoats  (13). 
Moreover,  the  washing  out  of  the  peak  found  in  A7?p,  with 
increasing  overcoat  thickness,  seems  to  confirm  this 
assumption. 

More  experiments  are  underway  to  confirm  the  observations 
made  in  the  present  work.  Calculations,  performed  with  the 
effective-medium  approach  presented  above,  give  in  particular 
a  strong  dependence  on  tiie  optical  constant  of  the  dielectric 
material.  Such  a  dependence  can  be  seen  in  Fig.  8  where  A Rp 
is  calculated  with  realistic  film  parameters  and  size  distribution. 
The  peak  found  with  MgF2  is  indeed  minimal  when  compared 
with  other  materials  of  higher  optical  constant  values.  Prelim¬ 


inary  results  with  tin  oxide  whose  refractive  index  is  near  2 
have  confirmed  such  behavior,  Those  results  will  be  the  subject 
of  a  subsequent  paper. 

In  conclusion,  experimental  evidence  and  analysis  based  on 
an  effective-medium  theory  may  form  the  basis  for  further  work 
on  coupling  between  photon  and  surface  plasmons  via  mirror- 
image  effects  provided  by  a  granular  dielectric  overcoat.  Thus, 
in  addition  to  roughness  and  evanescent  waves,  this  coupling 
mechanism  may  provide  a  new  tool  for  studies  of  surface  plas¬ 
mons.  Because  of  the  reversibility  of  some  adsorption  pro¬ 
cesses  on  metallic  surfaces,  the  above  phenomenon  may  also 
be  exploited  for  applications  such  as  humidity  or  vapor  sensors. 
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The  peculiar  behavior  of  the  rms-charge  and  mass  radii  of  the  Ca  isotopes  is  explained  by  current  approaches.  Here  these 
approaches  are  supplemented  by  microscopic  calculations  within  the  isomorphic  shell  model.  The  model  verifies  the  trend  of 
the  data  correctly,  as  a  result  of  shell  structure  (particle-hole)  and  deformation  effects.  These  results  involve  two  numerical 
(not  adjustable)  parameters  and  are  quantitatively  at  least  equally  a'  good  as  those  of  the  best  available  theoretical  calculations. 
In  the  case  of  4lCa,  however,  a  further  investigation  is  required. 


Le  comportement  particulier  des  rayons  (charge  rms  et  masse)  des  isotopes  de  Ca  est  expliqu6  suivant  les  approches  cou- 
rantes.  Ces  approches  ont  6t6  complies  ici  par  des  calculs  microscopiques  dans  le  cadre  du  module  en  couches  isomorphes. 
Ce  module  vdrifie  correctement  la  tendance  des  donnges,  comme  rdsultat  de  la  structure  des  couches  (particules-trous)  et  des 
effets  de  deformation.  Nos  rdsultats  font  intervenir  deux  param&tres  numiriques  (non  ajustables)  et  sont,  du  moins  quantita- 
tivement,  cgalement  en  bon  accord  avec  ceux  d.  s  meilleurs  calculs  thdoriques  disponibles.  Dans  le  cas  de  4lCa  cependant, 
l’investigation  devra  etre  poussde  plus  loin. 

[Traduit  par  la  redaction] 
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1.  Introduction 

The  extent  to  which  we  can  understand  charge  and  matter 
distributions  within  nuclei  describes  the  state  of  understanding 
of  much  more  fundamental  concepts,  such  as  the  particle’s 
interactions  and  their  importance  in  scattering  and  reaction 
phenomena. 

The  Ca  isotopic  series,  with  its  large  number  of  stable  iso¬ 
topes  including  two  double-magic  nuclei,  constitutes  a  partic¬ 
ularly  excellent  case  of  an  isotopic  chain  for  testing  nuclear 
theories  and  exploring  various  methods  of  analysing  nuclear- 
size  experimental  data  (1-22). 

In  their  recent  paper  Andl  et  al.  (23)  presented  new  experi¬ 
mental  data  for  the  relative  (rms-charge)  radii  of  the  Ca  isotopes 
together  with  a  thorough  discussion  of  the  available  theoretical 
interpretations.  The  emerging  conclusion  is  that  there  are  quite 
a  few  nice  and  interesting  attempts  to  provide  a  theoretical 
description  of  these  data.  The  one  that  comes  closest  to  the  data 
is  a  simple  formula  (23, 24)  containing  the  number  of  particles 
in  the/7,2  shell  and  (depending  on  its  usage),  one  to  three  adjust¬ 
able  parameters  to  fit  nine  data  points.  The  recent  paper  by 
Talmi  (25)  gives  a  more  detailed  discussion  of  this  formula  and 
shows  that  it  yields  a  rather  nice  correspondence  to  the  exper¬ 
imental  data  with  three  fit  parameters.  In  principle,  however, 
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these  parameters  can  be  calculated,  if  an  effective  interaction 
is  given.  Further  references  to  this  formula  and  to  other 
approaches  can  be  taken  from  the  careful  considerations  pre¬ 
sented  in  refs.  23-25,  so  there  is  no  need  to  repeat  them  here. 

Recently,  some  new  experimental  data  (26,  27)  and  theo¬ 
retical  interpretations  (28)  of  Ca  isotopes  have  appeared. 
Barranco  and  Broglia  (28)  support  the  idea  that  it  is  likely  that 
the  presence  of  low-lying  vibrations  in  the  nuclear  spectrum 
can  influence  some  of  the  average  nuclear  properties,  such  as 
the  mean  square  radius,  through  the  associated  zero-point  fluc¬ 
tuations.  This  latest  theoretical  work  deals  with  charge  and  mat¬ 
ter  rms  radii,  while  Talmi’s  work  (25)  refers  only  to  charge 
radii.  However,  ref.  25  includes  odd  and  even  Ca  isotopes, 
while  ref.  28  work  deals  only  with  even  isotopes. 

Hartree-Fock  calculations  (29,  30)  predict  a  mean-square 
radius  that  is  essentially  constant.  Thus,  although  they  can 
reproduce  the  48Ca-40Ca  isotope  shift  (cf.  refs.  31  and  32),  they 
are  unable  to  predict  (28)  the  parabolic  behaviour  displayed  by 
the  charge  mean-square  radius  between  40Ca  and  48Ca. 

Recently,  there  has  been  a  further  development,  which  might 
help  to  shed  additional  light  on  this  problem.  Calculations 
within  the  isomorphic  shell  model  (33)  have  been  pursued  to 
such  a  stage  that  it  is  possible  to  evaluate  the  radii  of  these 
nuclei  on  a  microscopic  basis.  Both  charge  and  matter  radii  for 
even  and  odd  Ca  isotopes  are  examined,  and  in  addition  the 
binding  energies  of  all  these  nuclei  are  consistently  included. 
Thus,  this  work  besides  being  microscopic  deals  with  more 
nuclear  properties  than  any  other  previous  theory. 

The  main  concepts  used  in  the  isomorphic  shell  model,  which 
are  that  (i)  nucleons  are  not  dealt  with  as  point  particles,  but  as 
extended  objects  presented  by  their  bags,  and  («)  the  average 
sizes  of  shells  are  determined  by  the  close-packing  of  these  bags 
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(33),  are  almost  identical  to  the  concepts  used  in  a  recent  paper. 
This  paper  deals  with  the  charge  symmetry  violation  in  the 
structure  of  the  3H-3H  sysem  (34),  with  three-body  forces. 

Both  of  these  papers  and  this  paper  are  in  the  spirit  of  a 
review  paper  by  Thomas  (35)  describing  how  a  system  of  finite- 
size  bags  might  behave.  In  this  review,  for  the  size  of  bags 
considered  here,  chains  of  bags  touching  one  another  are  rea¬ 
sonably  expected,  like  the  instantaneous  successive  contact  of 
bags  from  the  inner  shell  to  the  outer  shell  of  a  nucleus  in  the 
isomorphic  shell  model  (33). 

The  purpose  of  this  paper  is  to  snow  that  the  isomorphic  shell 
model,  catering  in  a  microscopic  way  for  shell  (particle-hole) 
effects  and  deformations,  and  based  on  two  numerical  param¬ 
eters,  yields  results  for  the  isotopic  shifts  of  charge  and  matter 
radii  that  are  close  to  experiment  and  at  least  as  equally  good 
as  the  best  theoretical  results  available  (25,  28). 

2.  The  isomorphic  shell  model 

A  comprehensive  and  exhaustive  development  of  the  semi- 
classical  part  of  the  model  and  a  brief  development  of  the  quan¬ 
tum  mechanical  part  of  the  model  can  be  found  in  refs.  33  and 
36.  Here,  only  a  short  outline  of  the  semiclassical  part  of  the 
model  follows,  to  assist  in  the  comprehension  of  the  present 
paper. 

2.1.  Assumptions  and  their  justifications 

The  model  employs  the  following  two  assumptions: 

(0  The  neutrons  (protons)  of  a  closed  neutron  (proton)  shell, 
considered  at  their  average  positions,  are  in  dynamic  equilib¬ 
rium  on  the  sphere  presenting  the  average  size  of  that  shell. 

(ii)  The  average  sizes  of  the  shells  are  determined  by  the 
close-packing  of  the  the  shells  themselves,  provided  that  a  neu¬ 
tron  and  proton  are  represented  by  hard  spheres  of  definite  sizes 
(i.e.,  rn  =  0.974  fm  and  rp  =  0.860  fm). 

It  is  apparent  that  assumption  ( i )  is  along  the  lines  of  the  shell 
model,  while  assumption  (ii)  is  along  the  lines  of  the  liquid- 
drop  model.  Thus,  the  isomorphic  shell  model  is  a  microscopic 
nuclear-structure  model  that  incorporates  into  a  hybrid  model 
the  prominent  features  of  single-particle  and  collective 
approaches,  in  conjunction  with  the  nucleon  finite  size. 

The  model  employs  a  specific  equilibrium  of  nucleons,  con¬ 
sidered  at  their  average  positions  on  concentric  spherical  cells, 
which  is  valid  whatever  the  law  of  nuclear  force  may  be: 
assumption  (i).  This  equilibrium  leads  uniquely  to  Leech  (37) 
(equilibrium)  polyhedra  as  average  forms  of  nuclear  shells.  All 
such  nested  polyhedra  are  close-packed  thus  taking  their  min¬ 
imum  size:  assumption  {ii).  The  cumulative  number  of  vertices 
of  these  polyhedra,  counted  successively  from  the  innermost  to 
the  outermost,  reproduce  the  magic  numbers  each  time  a  poly- 
nedral  shell  is  completed  (33)  (see  the  numbers  in  the  brackets 
in  Fig.  1). 

For  one  to  intuitively  conceive  the  isomorphic  shell  model, 
one  should  first  relate  this  model  to  the  conventional  shell 
model.  Specifically,  the  main  assumption  of  the  simple  shell 
model,  that  is,  that  each  nucleon  in  a  nucleus  moves  (in  an 
average  potential  due  to  all  nucleons)  independently  of  the 
motion  of  the  other  nucleons  may  be  understood  here  in  terms 
of  a  dynamic  equilibrium  in  the  following  sense  (33).  Each 
nucleon  in  a  nucleus  is  on  average  in  a  dynamic  equilibrium 
with  the  other  nucleons  and,  as  a  consequence,  its  motion  may 
be  described  independently  of  the  motions  of  the  other  nucleons. 
From  this  one  realizes  that  dynamic  equilibrium  and  independ¬ 


ent  particle  motion  are  consistent  concepts  in  the  framework  of 
the  isomorphic  shell  model. 

In  other  words,  the  model  implies  that  at  some  instant  in  time 
(reached  periodically )  all  nucleons  could  be  thought  of  as  resid¬ 
ing  at  their  individual  average  positions,  which  coincide  with 
the  vertices  of  an  equilibrium  polyhedron  for  each  shell.  This 
system  of  particles  evolves  in  time  according  to  each  inde¬ 
pendent  particle  motion.  This  is  possible,  since  axes  standing 
for  the  angular-momenta  quantization  of  directions  are  identi¬ 
cally  described  by  the  rotational  symmetries  of  the  polyhedra 
employed  (38-41).  For  example,  see  ref.  40,  where  one  can 
find  a  complete  interpretation  of  the  independent  particle  model 
in  relation  to  the  symmetries  of  these  polyhedra.  Such  vectors 
are  shown  in  Fig.  1  for  all  orbital  angular-momentum  quanti¬ 
zation  of  directions  involved  in  nuclei  up  to  N  =  50  and  Z  = 
40.  Thus,  the  polyhedra  invoked  by  the  isomorphic  shell  model 
possess  some  unique  properties: 

They  are  equilibrium  polyhedra  and  thus  consistent  with  the 
independent  particle  motion  assumed  by  the  conventional 
shell  model. 

Their  vertices  are  identical,  a  property  that  is  consistent  with 
the  fundamental  requirement  of  indistinguishability  of  iden¬ 
tical  particles. 

Degenerate  energy  levels  are  expected  to  have  angular- 
momentum  quantization  of  directions  indistinguishable  from 
each  other,  which  implies  that  these  directions  should  trans¬ 
form  into  each  other  through  the  symmetry  operations  of  a 
rotation  group.  This  requirement  is  fulfilled  by  the  symmetry 
properties  of  these  polyhedra  as  explained  in  ref.  41 . 

They  permit  periodic  appearance  of  the  average  forms  of 
nuclear  shells,  if  their  vertices  are  assumed  to  rotate  round 
the  orbital  angular-momentum  quantization  of  direction  vec¬ 
tors  as  shown  in  Fig.  1 .  Thus,  these  polyhedra  represent  the 
average  motion  patterns  of  nucleons.  The  independent  par¬ 
ticle  motion  of  nucleons  could  be  imagined  (harmonized)  in 
such  a  way  that  the  nucleons  pass  periodically  through  the 
equilibrium  polyhedra  vertices  standing  for  their  average 
positions. 

The  model  for  the  shells  Is,  Ip,  Id,  and  2s  for  neutrons  and 
protons,/,  g,  h  9/2  for  neutrons,  and  1/7/2  for  protons  is  pre¬ 
sented  in  Fig.  1,  where  the  shapes  shown  are  concentric  equi¬ 
librium  polyhedra  standing  for  average  forms  of  the  indicated 
nuclear  shells.  All  the  symbols  included  in  Fig.  1  are  explained 
in  the  figure  caption. 

As  we  will  see  shortly  (Sect.  3),  the  nuclear  properties  in  the 
model  are  derived  as  properties  of  the  quantum  cluster  con¬ 
sisting  of  the  average  positions  of  nucleons  for  the  specific 
nucleus,  according  to  Fig.  1. 

2.2.  Technical  details  of  the  model 
In  the  isomorphic  shell  model,  while  for  closed-shell  nuclei 
a  specified  polyhedron  with  a  definite  radius  R  stands  for  the 
average  form  of  a  specific  neutron  or  proton  shell  (characterized 
by  the  letters  N  and  Z,  respectively;  see  Fig.  1),  for  open-shell 
nuclei  the  valent-nucleon  average  positions  may  occupy  ver¬ 
tices  of  the  next  (either)  neutron  or  proton  polyhedral  shell. 
This,  together  with  the  consideration  of  different  neutron  and 
proton  bag  sizes,  is  the  reason  that  two  values  for  the  radius  of 
the  exscribed  sphere  for  each  polyhedron  are  given  (and  also 
two  values  of  p;  see  the  last  two  rows  in  each  block  of  Fig.  1). 
Those  values  in  the  first  row  {R  and  p)  correspond  to  the  case 
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Fio.  1.  The  isomorphic  shell  model  for  the  nuclei  up  to  N  =  50  and  Z  =  28.  The  high-symmetry  polyhedra  in  row  1  stand  for  the  average 
forms  for  neutrons  of  (a)  the  Is,  (c)  the  Ip,  (e)  the  ld-2s,  and  (g)  the  \f-2p-\g  9/2  shells,  while  the  polyhedra  in  row  2  stand  for  the  average 
forms  of  (b)  the  Is,  (d)  the  1  p,  (f)  the  \d-2s,  (h)  the  1/7/2  shells  for  protons.  The  vertices  of  polyhedra  stand  for  the  average  positions  of 
nucleons  in  definite  quantum  states  (t,  n,  l,  m,  s).  The  letters  h  stand  for  the  empty  vertices  (holes).  The  z  axis  is  common  for  all  polyhedra 
when  these  are  superimposed  with  a  common  centre  and  with  relative  orientations  as  shown.  At  the  bottom  of  each  block  the  number  of  succession 
of  the  neutron  (N)  or  proton  ( Z)  shell  is  shown  inside  a  box.  Underneath  this  box,  the  number  of  vertices  of  the  specific  polyhedron  and  the 
number  of  holes  (where  they  exist)  are  given  in  parentheses,  while  inside  square  brackets  the  cumulative  number  of  average  nucleon  positions 
is  given.  Values  of  R  give  the  radii  of  the  spheres  exscribed  to  the  polyhedra,  while  values  of  p  give  the  maximum  distances  of  the  vertices 
states  (t,  n,  /,  m,  s)  from  the  axes  precisely  representing  orbital  angular  momentum  axes  with  definite  n,  /,  and  m  values.  The  difference 
between  R  and  R',  and  p  and  p',  is  explained  in  the  text.  All  polyhedral  vertices  are  numbered,  as  shown.  The  numbers  employed  for  each 
polyhedron  are  given  inside  parenthesis  at  the  top  of  the  relevant  block.  The  backside  (hidden)  vertices  of  the  polyhedra  and  related  numbering 
are  not  shown  in  the  figure.  Specifically,  3*  and  4*  refer  to  neutron  average  positions  (whose  related  bags  are  shown  in  broken  line  in  Fig.  16) 
which  form  a  zerohedron  in  the  same  line  with  Z1  and  in  close-packing  with  it. 


where  neutrons(protons)  have  average  positions  at  the  vertices 
of  the  neutron(proton)  polyhedron  shell,  i.e.,  /V 1  (Z 1 ) ,  N2(Z2), 
N2{Z3),  and  N4(Z4),  while  those  in  the  second  row  (R1  and  p') 
correspond  to  the  case  where  protons(neutrons)  have  average 
positions  at  the  vertices  of  the  neutron(proton)  polyhedral  shell, 
i.e.,  A/1(Z1),  N2(Z2),  N3(Z3),  and  N4(Z4),  while  those  in  the 
second  row  (/?'  and  p')  correspond  to  the  case  where  pro- 
tons(neutrons)  have  average  positions  at  the  vertices  of  the  neu- 
tron(proton)  polyhedral  shell,  i.e.,  on  NV{ZV),  N2'(Z2'), 
N3'(Z3'),  and N4'(Z4').  Following  the  same  reasoning,  the  ver¬ 
tices  of  the  different  polyhedra  may  be  referred  to,  in  the  text 


or  in  the  tables,  by  unprimed  or  primed  numbers.  In 
Appendix  C  of  ref.  33  way  of  correlating  R  and  bag  size  is 
explained  in  every  detail.  The  p'  values  come  by  multiplying 
the  p  values  by  the  ratio  R'/R. 

Since  the  radial  and  angular  parts  of  the  polyhedral  shells  in 
Fig.  1  are  well  defined,  the  coordinates  of  the  polyhedral  ver¬ 
tices  (nucleon  average  positions)  can  be  easily  computed.  These 
coordinates  up  to  N  =  Z  =  20  are  already  published  in  footnote 
14  of  ref  4?  and  in  footnote  15  of  ref.  43,  while  for  N  =  21- 
50  and  Z  =  zl-28  they  are  given  here.5  These  coordinates 
correspond  to  the  R  values  of  the  exscribed  polyhedral  spheres, 


’Coordinates  (x,  y,  z,  in  units  of  femtometres)  of  40  nucleon  average  positions  (NAP),  i.e.,  of  NAP41-NAP78,  and  NAP3+  and  NAP4+ 
according  to  the  numbering  of  Fig.  1 . 


NAP41:  (0.000,  5.006,  0.000); 
42:  (5.006,  0.000,  0.000) 

43:  (0.000,  0.000,  5.006); 

44:  (0.000,  -5.006,0.000) 

45:  (-5.006,  0.000,  0.000); 
46:  (0.000,  0.000,  -5.006) 

47:  (-2.503,  1.547,4.050); 
48;  (-4.050,  2.503,  1.547) 

49:  (-4.050,  2.503,  -1.547); 
50:  (-2.503,  1.547,  -4.050) 


51:  (2.503,  -1.547,  -4.050); 
52:  (4.050),  -2.503,  -1.547) 
53:  (4.050,  -2.503,  1.547); 
54:  (2.503,  -1.547,4.050) 

55:  (1.547,  4.050,  -2.503); 
56:  (4.050,  2.503,  -  1.547) 

57:  (4.050,  2.503,  1 .547); 

58:  (1.547,  4.050,  2.503) 

59:  (-1.547,  -4.050,2.503); 
60:  (-4.050,  -2.503,  1.547) 


(-4.050,  -2.503,  -1.547); 
(-  1.547,  -4.050,  -2.503) 
(2.503,  1.547,4.050); 

(-  1.547,  4.050,  2.503) 
(-1.547,4.050,  -2.503); 
(2.503,  1.547,  -4.050) 
(-2.503,  -1.547,  -4.050); 
(1.547,  -4.050,  -2.503 
(1.547,  -4.050,2.503); 
(-2.503,  -  1.547,4.050) 


71:  (2.460,  2.460,  2.460); 

72:  (-2.460,  -2.460,  -2.460) 
73:  (2.460,  2.460,  -2.460); 

74:  (-2.460,  -2.460,  2.460) 
75:  (2.460,  -  2.460,  2.460); 

76:  (-2.460,  2.460,  -2.460) 
77:  (-2.460,  2.460,  2.460); 

78:  (2.460,  -2.460,  -2.460) 

3  + :  (-1.956,  1.956,  1.956); 
4+ :  (1.956,  -1.956,  -1.956). 


The  numbering  of  the  first  nucleon  average  positions  (NAP)  given  by  Anagnostatos  and  Panos  (43,  44)  is  related  to  that  of  Fig.  1  according 
to  the  following  correspondence:  NI-N2:  1-2;  Z1-Z2:  3-4;  /V3-/V8:5- 10;  Z3-Z8:  11-16;  N9-N20:  17-28;  and  Z9-Z20:  29-40. 
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Table  1.  Vertex  configurations  and  calculated  potential,  Coulomb,  kinetic,  and  binding  energies  of  the  ground  states  for  Ca  isotopes 

{A  =  40-48),  and  experimental  binding  energies 


Vertex  configuration 

2  V' 
(MeV) 

ECoul.*' 

(MeV) 

A<7>^ 

(MeV) 

£8' 

(MeV) 

BE  (MeV) 

Isotope 

Core- 

Valent* 

Model' 

Expt.* 

40 

2h  (21,  26) 

2p2v(41,42) 

747.0 

64.8 

339.5 

0.0 

342.7 

342.063 

41 

2h  (21,  34) 

-  Itt  (840 

P  2v  (41,42) 

784.5 

65.2 

366.4 

3.3 

349.6 

350.427 

42 

3h  (26,  29,  30) 

,  2*  (72,  74) 

P  2v  (59, 60,  70) 

801.2 

66.0 

373.7 

0.0 

361.5 

361.900 

43 

lh  (34) 

,  lir  (72) 

P  3v  (61,  62,  67) 

827.7 

65.2 

388.2 

3.1 

371.1 

369.832 

44 

2h  (30.36) 

2m  (72,  74) 

P4v(59,  60, 61,70) 

851.7 

65.8 

402.8 

0.0 

383.1 

380.969 

45 

lh  (34) 

lir  (7D 

°P  5v  (57,  58,  63,  3 +  ,  75') 

880.1 

65.1 

424.1 

3.0 

387.9 

388.383 

46 

lh  (34) 

lif  (71) 

P6v  (57,  58,63,3\  73',  75') 

900.3 

65.1 

437.7 

0.0 

397.5 

398.787 

47 

Oh 

7p  7v  (37  47  71-75') 

926.1 

64.8 

451.8 

2.9 

406.6 

406.063 

48 

Oh 

8p  8v  (3747  71-76') 

946.1 

64.8 

465.5 

0.0 

415.8 

416.014 

41* 

lh  (34) 

„  Iff  (71) 

2P  lv  (57) 

779.8 

65.1 

363.1 

3.3 

348.3 

350.427 

"h  stands  for  hole,  which  refer  to  proton  or  neutron  average  positions  as  shown  in  the  parenthesis  following. 

hp,  tr,  and  v  stand  for  particles,  protons,  and  neutrons,  respectively.  Primed  and  unprimed  numbers  refer  to  the  numbering  of  polyhedral  vertices,  as  shown  in 
Fig.  1  and  explained  in  the  text.  Specifically,  3*  and  4  *  refer  to  neutron  average  positions  as  shown  by  the  broken  line  in  Fig.  1  b. 

'Computed  for  all  pairs  of  nucleons  i  and  j,  according  to  (!]. 

■'Computed  for  all  proton  pairs,  according  to  [2], 

'Average  kinetic  energy  per  particle  computed  according  to  [3). 

'Computed  according  to  (4). 

'From  ref.  56. 

‘An  alternative  model  consideration.  See  text. 


while  those  corresponding  to  R'  come  from  the  previous  by 
multiplying  by  R'lR. 

According  to  the  isomorphic  shell  model,  the  nucleon  aver¬ 
age  positions  of  a  nucleus  are  distributed  at  the  vertices  of  the 
polyhedral  shells,  as  shown,  for  example,  in  Fig.  1.  The  spe¬ 
cific  vertices  occupied,  for  a  given  (closed-  or  open-shell) 
nucleus  at  the  ground  state,  form  a  vertex  configuration  (cor¬ 
responding  to  a  state  configuration)  that  possesses  maximum 
binding  energy  (BE)  in  relation  to  any  other  possible  vertex 
configuration.  This  maximum  BE  vertex  configuration  defines 
the  average  form  and  structure  of  the  ground  state  of  this 
nucleus.  All  bulk  (static)  ground-state  properties  of  this  nucleus 
(e.g. ,  BE,  rms  radii,  etc.)  are  derived  as  properties  of  this  struc¬ 
ture,  as  has  been  fully  explained  in  ref.  33  and  references  cited 
therein. 

The  quantities  estimated  by  the  model  in  the  framework  of 
this  paper  (see  the  next  section)  are:  potential  energy,  Vy; 
Coulomb  energy,  (£c)„;  average  kinetic  energy,  <T>nlm;  odd- 
even  energy,  £6;  binding  energy,  £BE;  and  rms  charge,  and 
neutron  and  mass  radii,  <r2>1'2  of  the  4(V48Ca  isotopes,  by 
using  [  1]— (7],  respectively,  (33,  42,  44). 


e-(31.8538)ry  e-(l  3538)fy 

[1]  V..  =  1.7(x  1017) - 187 - 

"  hi  hi 

where  the  intemucleon  distance  ry  is  estimated  following  Fig.  1 
or  (the  same)  the  corresponding  coordinates  of  polyhedral  ver¬ 
tices  (see  footnote  3  here,  and  footnotes  14  and  15  in  refs.  42 
and  43,  respectively). 

(2]  (£C)i;  =  7 

'<) 


where  distances  rv  are  computed  as  explained  above. 


[3] 


<T>n,m  = 


hll  1  /(/+1)\ 

2 M\R2max  p\lm) 


where  is  the  outermost  polyhedral  radius  (/?)  plus  the  rel¬ 
evant  nucleon  raduis  ( rn  =  0.974  fm  and  r  =  0.860  fm),  i.e., 
the  radius  of  the  nuclear  volume  in  which  tne  nucleons  are  con¬ 
fined,  M  is  the  nucleon  mass,  p„,m  is  the  distance  (44)  of  the 
vertex  (n,  /,  m)  from  the  axis  „0ml  (see  Fig.  1). 
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Table  2.  Calculated  and  experimental  root-mean-square  charge  radii  (<r2>  in  fm)  forCa  isotopes 

04  =  40-48) 


Isotope 

Isomorphic 
shell  model" 

Experiment 

(e,  e) 

p.  atom 

p,  atom 

2p3l2-lsl/2  transitions 

Ref.  58  Ref.  16 

40 

3.471 

3.474(3)" 

3.479" 

•c 

O 

oo 

cn 

3.4813 

3.4800 

41 

3.464 

42 

3.506 

3.504" 

3.510" 

3.510" 

3.5115 

3.5101 

43 

3.487 

3.4980 

3.4966 

44 

3.504 

3.502" 

3.518b 

3.520" 

3.5214 

3.5201 

45 

3.485 

46 

3.484 

3.497" 

3.501" 

3.5024 

3.5011 

47 

3.465 

48 

3.464 

3.465(5)" 

3.475" 

3.481" 

3.4823 

3.4809 

41*' 

3.488 

"Model  predictions  according  to  [5]. 

‘From  ref.  57. 

"From  ref.  15. 

“'An  alternative  model  consideration.  See  text. 


[4]  Ebe  =  -2  v0  -  2  7  -  2  A<T>nlm-  E  8 

~ij 

all  nucleon  all  proton  all 

pairs  pairs  nucleons 

where  distances  rtJ  are  estimated  as  above  and  £8  is  a  correction 
“odd-even”  term  familiar  from  the  liquid  drop  model.  Here 
its  value  is  equal  to  zero  for  ever.-Z  -  even-/V  nuclei  for  which 
our  potential  in  [1]  is  exclusively  derived  (42)  and  thus  no  cor¬ 
rection  is  needed,  while  for  odd-A  nuclei  its  value  is  taken  (45) 
equal  to  135M  MeV. 


[5]  <r2> 


2^  1/2  _ 


ch 


i  ^  +  (0  8)’-  (0.116)  S 


[6]  <r2>  J' 2  = 

and 

[71  <r2>  "2  = 


1/2 


1/2 


i=I 


n2  N  n2 

(Li  ,  v 
Z  ",  N 


Z(  0.8)2  +  N(0 


Z  + 


V(0.91)2 

N 


1/2 


where  the  subscripts  ch,  n,  and  m  refer  to  charge,  neutron,  and 
mass  and  where  R,  is  the  radius  of  the  (th  proton  or  neutron 
average  position  and  from  Fig.  1,  Z  and  N  are  the  proton  and 
the  neutron  numbers  of  the  nucleus,  0.8  and  0.91  fm  are  the 
rms  radii  of  a  proton  and  of  a  neutron,  and  -0. 1 16  fm2  is  the 
ms  charge  radius  of  a  neutron  (46).  The  0.91  fm  value  for  a 
neutron  is  taken  from  the  0.8  fm  value  for  a  proton  by  consid¬ 
ering  proportionality  according  to  the  sizes  of  their  bags  0.974 
and  0.860  fm,  respectively,  i.e.,  0.91  =  0.8  (0.974/0.860). 

3.  Results  and  discussion 

Our  computer  program  re-arranges,  in  all  possible  ways,  the 
nucleons  of  the  nucleus  under  examination  at  the  vertices  of 


the  close-packed  polyhedral  shells,  as  shown  in  Fig.  1,  or  as 
specified  by  the  relevant  coordinates  of  the  polyhedral  vertices 
(42,  43).  For  each  such  arrangement  (given  that  the  ground- 
state  spin  and  parity  are  satisfied),  using  [  1  ]— [4] ,  the  potential, 
Coulomb,  kinetic,  and  binding  energies  are  determined.  The 
vertex  configuration  whose  binding  energy  is  larger  than  that 
of  any  other  configuration  corresponds  to  the  nuclear  ground 
state,  and  its  charge,  neutron,  and  mass  radii  are  estimated  by 
using  [5]-[7]. 

In  Table  1,  columns  2  and  3,  the  ground-state  vertex  con¬ 
figurations  are  given  for  all  nine  Ca  isotopes  examined.  In  col¬ 
umns  4-7,  the  total  potential,  Coulomb,  kinetic,  and  odd-even 
energies  (respectively)  for  each  isotope,  corresponding  to  the 
given  vertex  configuration,  are  listed.  In  columns  8  and  9,  the 
calculated  and  experimental  binding  energies  are  shown.  The 
agreement  between  these  two  last  values  is  satisfactory.  One 
can  visualize  the  shell  structure  and  deformation  for  each  Ca 
isotope  by  using  the  configuration  numbers  of  columns  2  and 
3,  and  Fig.  1,  where  these  numbers  are  used  to  identify  the 
nucleon  average  positions. 

In  Table  2  for  the  same  vertex  configurations,  as  in  Table  1 , 
the  isomorphic  shell-model  values  for  the  charge  rms  radii  are 
given  (column  2).  In  columns  3-7  experimental  radius  values, 
where  they  exist,  are  given  from  different  references.  The 
agreement  between  these  values  and  our  calculated  values  is 
also  satisfactory.  The  model  and  experimental  values  for 
<r2>l/2ch  from  Table  2  are  shown  in  Fig.  2  together  with  the 
theoretical  values  from  ref.  28.  This  reference  examines  only 
even  isotopes,  and  its  prediction  for  ^Ca  shows  a  rather  large 
deviation  from  the  experimental  value  and  our  value  for  this 
isotope. 

In  Table  3  the  8 <r>  values  for  the  model,  derived  from 
Table  2,  and  for  three  references  are  given.  The  agreement  is 
also  good.  The  model  values,  based  on  two  numerical  param¬ 
eters  (i.e.,  the  sizes  of  neutron  and  proton  bags;  see  solid  line 
and  open  circles)  and  the  experimental  values  from  ref.  23  (solid 
circles)  are  presented  in  Fig.  3  for  a  visualization  of  the  com¬ 
parison.  The  best  available  theoretical  calculations  for  even  and 
odd  isotopes  (25),  based  on  three  adjustable  parameters,  are 
also  shown  for  a  further  comparison.  Both  calculations  give 
good  results  and  the  difference  between  them  refers  mainly  to 
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Fio.  2.  Root-mean-square  charge  radii  <r2ch>'/2,  of  4<M*Ca  isotopes.  Symbols  ■,  A,  □,  O,  and  A  present  experimental  data  from  different 
methods  as  shown  in  Table  2,  columns  1-5,  respectively.  The  solid  line  stands  for  the  present  calculations,  while  the  broken  line  presents 
calculations  from  ref.  28. 


Table  3.  Calculated  and  experimental  mean-square  charge  radii  (8<r2>ch  in  fm2)  for  Ca  isotopes 

(A  =  40-48) 


40-A 

Isomorphic 
shell  model" 

Optical 

isotope 

shifts4 

Isotope  shifts 
4s21S0-4s4/>‘P1 
resonance" 

Isotope  shifts4 

2p  3/2  -  Is  1/2 

40-41 

-0.049 

0.0033(28) 

-0.012(7) 

40-42 

0.244 

0.2198(71) 

0.221(12) 

0.215(11) 

40-43 

0.111 

0.1286(70) 

0.117(6) 

0.116(24) 

40-44 

0.230 

0.290(10) 

0.293(12) 

0.298(9) 

40-45 

0.097 

0.127(10) 

0.128(20) 

40-46 

0.090 

0.136(11) 

0.128(8) 

0.164(43) 

40-47 

-0.042 

0.036(26) 

0.007(10) 

40-48 

40-41' 

-0.049 

0.118 

0.010(12) 

0.000(9) 

-0.001(6) 

"From  Table  2. 

'’From  ref.  59. 

'From  ref.  23. 

''From  ref.  16. 

'An  alternative  model  consideration.  See  text. 


the  number  (two  versus  three)  and  kind  (numerical  versus 
adjustable)  of  parameters  employed  by  each  of  them  Talmi’s 
prediction  (25),  however,  for  46Ca  shows  a  rather  large  devia¬ 
tion  from  the  experimental  and  our  values  for  this  isotope. 

The  arrows  in  Fig.  3  show  the  directions  that  our  isomorphic- 
model  results  will  follow  on  the  figure,  if  mixing  of  configu¬ 
rations  are  considered  for  the  cases  of  42Ca  and  44Ca  (Oh  and 
2h,  and  Oh,  2h,  and  4h,  respectively).  Indeed,  such  mixing 
leads  to  an  improvement  of  our  radii. 

In  the  case  of  4lCa,  the  isomorphic  shell  model  cannot  dis¬ 
tinguish  between  two  values  of  the  charge  rms  radius:  the  one 
leading  to  a  small  negative  and  the  other  to  a  rather  large  pos¬ 
itive  value  of  8<r2>.  Before  additional  properties,  e.g.,  quad- 
rupole  moments,  are  evaluated,  we  consider  both  values  for 
this  isotope.  Thus,  both  values  are  shown  in  Fig.  3  and  dis¬ 
cussed  in  Tables  1-3.  In  general,  the  study  of  4lCa  here  is  not 
considered  complete  and  a  further  investigation  is  required.  It 


is  interesting,  however,  that  very  recent  experimental  data  (47) 
concerning  this  isotope  specify  the fll2  neutron  radius  as  3.99  ± 
0.06  fm,  which  is  in  fair  agreement  with  our  value  4.375  fm 
(see  Fig.  1/t). 

In  Table  4  for  the  same  vertex  configurations,  as  in  Table  1 , 
the  isomorphic  shell-model  values  for  the  neutron  and  mass  rms 
radii  for  all  Ca  isotopes  are  given  together  with  experimental 
values  from  different  references  for  comparison.  The  agree¬ 
ment  is  satisfactory  as  well.  The  best  agreement  between  our 
results  and  the  experimental  data,  as  becomes  obvious  from  this 
table,  corresponds  to  the  most  recent  data  of  20-50  MeV  pro¬ 
ton  scattering  on  Ca  isotopes  (26).  For  a  visualization  of  the 
comparison  all  information  from  Table  4  is  shown  in  Figs.  4 
and  5,  together  with  the  theoretical  prediction  of  Barranco  and 
Broglia  (28)  for  rms  mass  radii  (Fig.  5).  Finally  in  Table  5, 
calculated  and  experimental  Arnp  values  for  ^Ca-Ca  are  given 
for  an  overall  comparison  with  the  present  work. 
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Table  4.  Calculated  and  experimental  root-mean-square  neutron  and  mass  radii  (<r2>l'2nand  <r2>l,2w  in  fm)  for  Ca  isotopes  (A  =  40-48) 


Isotope 

A 

Isomorphic 
shell  mode 

iToton 

scattering  (26) 

(20-50  MeV) 

a-particle 
scattering  (6) 

(1.37  GeV) 

Proton 

scattering  (7) 

a  scattering  (61) 
(166  MeV) 
<r2>1'2„ 

Proton 

electron 

scattering 

<f>'\ 

<'a>,/2„ 

A 

-L. 

V 

K) 

a 

A 

V 

<^>,'2ra 

<^>',2n 

40 

3.42 

3.45 

3.42  ±0.06 

3.41  ±0.03 

3.46  ±0.05 

3.47  ±0.025 

3.50±0.03 

3.49 

3.43  ±0.12 

3.45 

42 

3.52 

3.52 

3.48  ±0.13 

3.45  ±0.07 

3.54  ±0.05 

3.53  ±0.025 

3.58  ±0.03 

3.54 

3.50 

43 

3.53 

3.52 

44 

3.61 

3.57 

3.53±0.17 

3.48  ±0.09 

3.60±0.05 

3.56  ±0.025 

3.60  ±0.03 

3.55 

3.61  ±0.16 

3.52 

45 

3.57 

3.54 

46 

3.61 

3.57 

47 

3.51 

3.50 

48 

3.55 

3.53 

3.60±0.11 

3.51  ±0.06 

3.67  ±0.05 

3.59  ±0.025 

3.66  ±0.003 

3.58 

3.80±0.12 

3.58 

Besides  the  numerical  comparison  of  our  results  with  those 
of  other  theories,  one  should  notice  the  basic  differences  in  a 
physical  sense  among  these  theories.  Specifically,  Talmi’s  (25) 
predictions  are  based  on  a  simple  formula  containing  the  num¬ 
ber  of  particles  in  the/7'2  shell,  the  Barranco  and  Broglia  (28) 
predictions  are  based  on  the  assumption  that  the  presence  of 
low-lying  vibrations  in  the  nuclear  spectrum  can  influence 
nuclear  radii  through  the  associated  zero-point  fluctuations, 
while  our  predictions  are  based  on  shell  structure  (particle-hole) 
and  deformation  effects.  Moreover,  it  is  interesting  to  notice 
that  the  number  of  holes  predicted  by  our  model  (see  Table  1) 
for  42Ca  (2  holes),  "Ca  (2  holes),  and  46Ca  ( 1  hole)  are  in  good 
agreement  with  the  number  of  holes  (i.e.,  1.7,  1.8,  and  1.05, 
respectively)  predicted  by  Hodgson  (48)  using  a  completely 
different  approach. 

The  credibility  of  the  model’s  accuracy  in  evaluating  charge 
radii  and  binding  energies  is  discussed  further  below.  While  the 
radii  come  directly  from  the  geometry  of  the  model,  by  using, 
for  example,  [5],  the  binding-energy  calculations,  in  addition 
to  the  geometry  of  the  model,  require  a  two-body  potential, 
e.g.,  that  of  [1],  which  is  used  throughout  the  model,  but  it  is 
not  an  unseparable  part  of  the  model.  That  is,  instead  of  the 
potential  in  [1],  other  successful  effective  potentials  could  be 
used. 

To  start  with,  we  coment  on  the  potential  of  [1].  First,  the 
constants  of  this  two- Yukawa  potential  have  been  determined 
by  Anagnostatos  and  Panos,  see  ref.  42,  using  the  free  nucleon¬ 
scattering  cross  sections,  prior  to  and  independent  of  the  mate¬ 
rial  in  the  present  paper.  Second,  if  another  effective  potential 
had  been  employed,  the  numerical  value  of  the  BE  for  each 
isotope  could  be  different,  but  the  largest  binding  energy 
(among  the  energies  of  the  different  possible  occupied  vertex 
configurations)  would  correspond  to  the  same  (as  here)  vertex 
configuration,  and  thus  the  ground-state  charge  radius  would 
also  be  the  same.  This  has  been  verified  by  using  the  effective 
potential6  of  [8] 

e-(1  9567)r  e-(l9H6)r( 

[8]  V,  =  8018.5 -  7903.3 - 

1  r..  r 

That  is,  two  different  effective  potentials  (independent  of 
both  spin  and  isospin)  like  those  of  [1]  and  [8]  with  quite  dif¬ 
ferent  core  radii  (i.e.,  1.13  and  0.43  fm,  respectively)  and 


*1.  Lagaris  and  V.  A.  Vutsadakis,  private  communication  1985. 


Fig.  3.  Relative  radii,  8 <r2>,  of  calcium  isotopes,  40"*0Ca,  as 
function  of  mass  number  A.  •  stand  for  the  experimental  values  from 
ref.  23.  For  other  experimental  values  see  Fig.  4  of  ref.  23,  and  expla¬ 
nation  of  that  figure,  and  Table  3  here.  The  O  and  solid  line  represent 
the  results  from  the  present  calculations,  while  the  broken  line  stands 
for  calculations  by  Talmi  (25).  For  “Ca  two  predictions  are  given  but 
for  a  final  choice  between  them  further  research  is  required.  The  arrows 
represent  trends  of  results  for  42Ca  and  "Ca  when  configuration  mixing 
is  considered. 


depths  (i.e.,  -27.5  and  -267.8  MeV,  respectively)  lead  to 
the  same  ground-state  vertex  configurations  and  thus  to  the  same 
charge  radii  for  all  40'48Ca  isotopes. 

In  addition,  I  would  like  to  compare  the  potential  of  [1]  with 
the  central  effective  nucleon-nucleon  potentials  in  the  3S,  and 
'S0  channels  that  arise  from  residual  colour  forces.  These  two 
potentials,  comprising  the  latest  efforts  to  derive  nuclear  phys¬ 
ics  from  the  quark  model  with  chromodynamics  (49),  are  very 
similar  to  each  other  and  to  our  potential  of  [1].  (All  three 
potentials  have  the  form  of  two  Yukawa-type  components,  core 
radius  1.0-1. 1  fm,  and  depth  22-28  MeV).  In  conclusion  we 
may  say  that  there  is  sufficient  credibility  in  the  accuracy  of 
the  model’s  results,  particularly  on  nuclear  radii. 

We  continue  the  discussion  on  the  credibility  of  the  model 
by  referring  to  the  size  of  the  neutron  and  proton  bags.  The 
sizes  of  the  “hard  spheres”  representing  a  neutron  and  a  proton 
appear  here  as  arbitrary  assumptions  and  thus  one  could  think 
that  they  were  chosen  to  optimize  the  model  results  in  the  iso¬ 
topic  shift  of  charge  radii  in  Ca  isotopes  (see  Tables  2  and  3). 
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Fig.  4.  Root-mean-square  neutron  radii,  <r2>''2,  of  *°~48Ca  iso¬ 
topes.  Experimental  data  come  from  Table  4.  The  solid  line  stands  for 
the  present  calculations. 


It  should  be  made  clear,  however,  that  the  value  rn  =  0.974  fm 
for  a  neutron  and  rp  =  0.860  fm  for  a  proton  are  numerical 
parameters  of  the  model  and  as  such  remain  constant  for  all 
nuclei  and  for  all  properties.  These  values  were  first  published 
in  ref.  44  and  are  also  included  by  Anagnostatos  in  ref.  33,  and 
by  Anagnostatos  and  Panos  in  ref.  43,  i.e.,  they  were  deter¬ 
mined  well  prior  and  independently  of  the  present  article. 

As  explained  in  ref.  33,  the  average  form  of  each  shell  is  in 
close-packing  with  a  prior  neutron  or  proton  shell  in  the  sense 
that  the  hard  spheres  (nucleon  bags)  of  that  shell  are  in  contact 
with  the  hard  spheres  of  a  previous  shell.  Thus  (see  Appendix  E 
of  ref.  33),  the  average  sizes  of  proton  shells  (which  are  respon¬ 
sible  for  the  charge  radius;  see  [5])  depend  on  the  size  of  both 
the  hard  sphere  representing  a  neutron  and  that  representing  a 
proton.  The  importance  of  the  absolute  and  relative  present  val¬ 
ues  of  these  parameters  could  be  better  understood  by  consult¬ 
ing  Anagnostatos  (50).  There,  it  is  apparent  that  with  these 
values  the  majority  of  model  charge  radii  for  all  elements  are 
within  the  experimental  error.  If  other  values  had  been  chosen 
(e.g.,  equal  size  for  a  neutron  and  a  proton  bag),  no  charge 
radii  (50)  or  neutron-proton  distribution  radial  differences  (33) 
of  such  good  accuracy  would  have  resulted  for  the  whole  spec¬ 
trum  of  elements.  For  example,  let  rn  =  rp  =  0.860  fm.  For 

these  sizes  of  bags  (using  Appendix  E  of  ref.  33),  the  resulting 
sizes  of  the  average  forms  of  the  first  four  proton  shells  (see 
Fig.  1)  are  1.490,  2.349,  3.598,  and  4.069  fm,  respectively. 
Using  these  values  of  R,  in  [5],  we  get,  for  example,  for 
4o,4:.43ca  rms  charge  radii  3.189, 3.243,  and  3.214  fm,  respec¬ 
tively.  That  is,  we  get  values  that  are  too  small  with  respect  to 


Fig.  5.  Root-mean-square  mass  radii,  <r2m>'n,  of  40"48Ca  iso¬ 
topes.  Experimental  data  come  from  Table  4.  The  solid  line  stands  for 
the  present  calculations,  while  the  broken  line  presents  calculations 
from  ref.  28. 

all  corresponding  experimental  values  listed  in  Table  2  and  also 
with  respect  to  the  model  values  listed  in  the  same  table,  when 
rn  =  0.974  fm  and  rp  =  0.860  fm,  as  is  always  taken  in  the 
isomorphic  shell  model.  In  addition,  it  is  interesting  for  one  to 
observe  that  while  the  above  absolute  radii  are  too  small,  the 
relative  radii  (with  respect  to  ^Ca)  are  too  large,  i.e.,  the  iso¬ 
topic  shift  is  larger  than  before.  Thus,  the  choice  of  different 
sizes  for  a  neutron  and  a  proton  bag  is  well  justified  within  the 
model  and,  moreover,  is  supported  by  the  literature  (51,  52). 

Furthermore  one  may  notice  that  the  proton  charge  rms  radius 
0.8  fm,  used  throughout  the  paper  (see  [5]  and  [7]),  and  the 
size  of  the  proton  bag  0.860  fm  appear  inconsistent  at  first 
glance,  if  one  considers  that  the  relationship  “rms  radius  = 
V3/5  *bag  radius”  is  valid  for  a  proton.  However,  the  previous 
formula  is  valid  only  for  a  uniform  charge  distribution  inside 
the  proton,  which  is  not  the  case  here.  A  proton  (and  a  neutron) 
is  made  up  of  quarks,  which  carry  the  positive  and  negative 
components  of  charge  that  are  responsible  for  the  spatial  dis¬ 
tribution  of  charge,  which  according  to  the  core  model  (53)  is 
far  from  uniform. 

Finally,  we  com-  :;,nt  on  the  presence  of  holes  in  the  2s-ld 
proton  shell  and  th  v?riation  from  isotope  to  isotope,  as  listed 
in  Table  1.  The  core  .  iking  of  the  2s-\d  shell  for  nuclei  in 
the  mass  region  over  A  =  40  is  verified  by  recent  experiments 
(54).  The  fact  that  the  dominant  configuration  in  4Mi,45Ca  has 
one  proton  hole,  while  in  42,44Ca  the  configuration  has  two  pro¬ 
ton  holes  in  the  2s-\d  shell  is  understood  as  a  result  of  a  pairing 
effect  between  the  protons  coming  from  the  2s\d  shell  and  the 
valence  neutrons  in  the  1/  7/2  subshell.  For  the  number  of 
proton  holes  in  Ca  isotopes  calculated  by  others,  see  the  pre¬ 
vious  discussion  in  this  section  and  Hodgson  (48).  Here,  the 
appearance  of  holes  in  ‘“Ca  (two  neutron  holes),  while  holes 
do  not  exist  in  48Ca  (see  Table  1),  leads  to  the  conclusion  that, 
according  to  the  present  study,  48Ca  is  a  better  core  than  40Ca 
for  heavier  nuclei. 

4.  Conclusions 

We  have  shown  that  microscopic  calculations  within  the  iso¬ 
morphic  shell  model  do  reproduce  the  experimental  charge  and 
matter  radii  for  4<M8Ca  isotopes  well,  as  a  consequence  of  shell 
(particle-hole)  and  deformation  effects. 
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Table  5.  Calculated  and  experimental  A rnp  values  in  fm  for  Ca  isotopes  (A  =  40-48) 


Method 

“Ca 

42Ca 

43Ca 

- -  '  "P .  . 

“Ca  45Ca 

“Ca 

47Ca 

“Ca 

Reference 

This  work 

-0.05 

0.01 

0.04 

0.11  0.08 

0.13 

0.04 

0.09 

(P,P)  1  GeV 

-0.03 

0.07 

0.07 

0.17 

61 

-0.07 

0.21 

62 

-0.03 

0.04 

0.05 

0.16±0.05 

5 

0.02 

0.08 

0.13 

0.21  ±0.03 

Footnote  a  of  5. 

0.01 

0.05 

0.09 

0.18  ±0.03 

6 

20-50  MeV 

0.03  ±0.05 

0.06  ±0.1 3 

0.11  ±0.17 

0.22  ±0.11 

26 

20-50  MeV 

0.03  ±0.05 

0.C0±0.22 

0. 1 1  ±0.18 

0.29±0.17 

26  (relativistic) 

800  MeV 

0.01 

0.08 

0.10 

0.18  ±0.08 

5 

LEP 

0.01 

-0.02 

0.39  ±0.1 2 

14 

(a,  a) 

-0.03 

0.02 

0.10 

0.20  ±0.05 

7 

-0.07 

0.09 

0.33±0.12 

60 

0.03  ±0.08 

22 

104  MeV 

— 0.016±0.04 

0.03  ±0.04 

0.02  ±0.04 

0.17  ±0.05 

63 

CE 

0.01 

0.02 

0.06 

64 

irA 

0.35±0.15 

65 

0.49  ±0.07 

11 

(it.  it) 

0.13 

0.20  ±0.08 

12 

0.30 

2 

116  MeV 

0.15  ±0.07 

0.21  ±0.10 

0.33  ±0.09 

1 

180  MeV 

-0.02  ±0.04 

-0.04  ±0.03 

0.11  ±0.04 

0.18±0.04 

1 

292.5  MeV 

-0.09±0.02 

-0.11  ±0.05 

0.05  ±0.10 

0.16±0.04 

1 

HF 

-0.05 

0.18 

66 

-0.06 

0.18 

67 

-0.05 

0.18 

68 

-0.04 

0.14 

69 

-0.04 

0.14 

31 

-0.05 

0.21 

70 

-0.05 

0.18 

30 

DME 

-0.05 

71 

-0.05 

0.03 

0.09 

0.19 

Footnote  1  of  5 

BHF 

-0.04 

0.25 

72 

HFB 

-0.04 

0.14 

Footnote  2  of  5 

-0.04 

0.01 

0.06 

0.14 

73 

SM 

-0.04 

0.19 

0.34 

74 

0.03 

0.24 

0.45 

75 

TF 

0.01 

0.07 

67 

-0.05 

0.12 

76 

The  present  calculations  involve  three  properties,  which  are, 
binding  energies,  and  proton  and  neutron  (and  consequently 
mass)  radii  for  both  even  and  odd  Ca  isotopes,  while  the  best 
calculations  available  today  involve  either  one  property  (charge 
radii)  and  deal  with  even  and  odd  Ca  isotopes  (25)  or  two  prop¬ 
erties  (charge  and  mass  radii)  and  deal  with  only  even  Ca  iso¬ 
topes  (2b).  Our  results  are  at  least  of  equal  accuracy  (with 
respect  to  the  experimental  data)  when  compared  with  those  of 
the  other  calculations  besides  being  microscopic  and  involving 
one  additional  property.  Also,  an  important  difference  between 
our  calculations  and  the  previous  calculations  on  nuclear  radii 
is  the  kind  of  parameters  used.  Here,  we  use  only  two  numer¬ 
ical  parameters  (the  size  of  the  neutron  and  proton  bags)  pre¬ 
viously  and  independently  published,  constant  for  all  properties 
and  for  all  nuclei,  while  in  other  models  adjustable  parameters 
are  employed.  Finally,  we  mention  that  Hartree-Fock  calcu¬ 
lations  badly  miss  the  parabolic  behaviour  displayed  by  the 
charge  ms  radius  from  ‘“Ca  -  48Ca  (29,  30). 

For  4lCa,  before  a  final  conclusion,  some  additional  inves¬ 
tigation  is  needed  (see  Fig.  3).  The  proton  2 s-ld  core  breaking 
involved  in  the  present  calculations  is  experimentally  (54)  and 
theoretically  (48)  verified. 

Finally,  it  is  interesting  for  one  to  associate  the  success  of 
the  isomorphic  shell  model  for  the  Ca  isotopes  described  here 


with  the  success  of  the  model  for  another  string  of  isotopes,  the 
oxygen  isotopes,  as  reported  by  Anagnostatos  et  al.  in  ref.  55. 

Acknowledgement 

This  work  was  supported  in  part  by  funds  provided  by  the 
U.S.  Department  of  Energy  under  contract  No.  DE-AC02- 
76ER03069. 

1.  K.  G.  Boyer,  W.  J.  Braithwaite,  W.  B.  Gottingame  et  al. 
Phys.  Rev.  C:  Nucl.  Phys.  29,  182  (1984). 

2.  J.  P.  Egger,  R.  Corfu,  P.  Gretillat  et  al.  Phys.  Rev.  Lett.  39, 
1608  (1977). 

3.  L.  Ray,  G.  W.  Hoffmann,  M.  Barlett  et  al.  Phys.  Rev.  C: 
Nucl.  Phys.  23,  828  (1981). 

4.  M.  L.  Barlett,  W.  R.  Coker,  G.  W.  Hoffman,  and  L.  Ray. 
Phys.  Rev.  C:  Nucl.  Phys.  29,  1407  (1984). 

5.  G.  Igo,  G.  S.  Adams,  T.  S.  Bauer  etal.  Phys.  Lett.  81B,  151 
(1979). 

6.  G.  D.  Alkhazov,  T.  Bauer,  R.  Beurtey  et  al.  Nucl.  Phys. 
A274,  443  (1976). 

7.  G.  D.  Alkhazov,  T.  Bauer,  R.  Bertini  etal.  Nucl.  Phys.  A280, 
365  (1977). 

8.  E.  Friedman,  H.  J.  Gils,  H.  Rebel,  and  Z.  Majka.  Phys.  Rev. 
Lett.  41,  1220(1978). 

9.  H.  J.  Gils,  E.  Friedman,  Z.  Majka,  and  H.  Rebel.  Phys.  Rev. 
C:  Nucl.  Phys.  21,  1245  (1980) 


ANAGNOSTATOS  ETAL. 


123 


10.  C.  J.  Batty,  S.  F.  Biaoi,  E.  Friedman  et  al.  Phys.  Lett.  81B, 
165  (1979). 

11.  L.  Tauscher  and  S.  Wycech.  Phys.  Lett.  62B,  413  (1976);  S. 
Theberge  and  A.  W.  Thomas.  Nucl.  Phys.  A393,  252  (1983). 

12.  M.  J.  Jacobson,  G.  R.  Burleson,  J.  R.  Calarco  et  al.  Phys. 
Rev.  Lett.  38, 1201  (1977). 

13.  H.  Sakaguchi,  M.  Nakamura,  K.  Hatanaka  etal.  Phys.  Rev. 
C:  Nucl.  Phys.  26,  944  (1982). 

14.  J.  C.  Lombard,  R.  N.  Boyd,  R.  Arking,  and  A.  B.  Robbins. 
Nucl.  Phys.  A188,  103  (1972). 

15.  R.  F.  Frosch,  R.  Hofstadter,  J.  S.  McCarthy  et  al.  Phys. 
Rev.  174,  1380  (1968). 

16.  H.  D.  Wohlfahrt,  E.  B.  Shera,  M.  V.  Hoehn,  Y.  Yamazaki, 
and  R.  M.  Steffen.  Phys.  Lett.  73B,  131  (1978). 

17.  M.  B.  Johnson  and  H.  Bethe.  Comments.  Nucl.  Part.  Phys.  8, 
75  (1978). 

18.  J.  A.  McNeil,  J.  Shepard,  and  S.  J.  Wallace.  Phys.  Rev.  Lett. 
50,  1439  (1983):  50,  1443  (1983). 

19.  B.  C.  Clark,  S.  Hama,  R.  L.  Mercer,  L.  Ray,  and  B.  D. 
Serot.  Phys.  Rev.  Lett.  50, 1644  (1983);  B.  C.  Clark,  S.  Hama, 
R.  L.  Mercer,  L.  Ray,  G.  W.  Hoffman,  and  B.  D.  Serot. 
Phys.  Rev.  C:  Nucl.  Phys.  28,  1421  (1983). 

20.  M.  V.  Hynes,  A.  Picklesimer,  P.  C. Tandy,  andR.  M.  Thaler. 
Phys.  Rev.  Lett.  52,  978  (1984). 

21.  L.  Ray.  Phys.  Rev.  C:  Nucl.  Phys.  19,  1855  (1979). 

22.  G.  M.  Lerner,  J.  C.  Heibert,  L.  L.  Rutlegee,  Jr.,  C.  Papan- 
icolas,  and  A.  M.  Berstein.  Phys.  Rev.  C:  Nucl.  Phys.  12, 778 
(1975). 

23.  A.  Andl,  K.  Bekk,  S.  Goring,  A.  Hanser,  G.  Nowicki,  H. 
Rebel,  G.  Schatz,  and  R.  C.  Thompson.  Phys.  Rev.  C:  Nucl. 
Phys.  26,  2194  (1982). 

24.  K.  Zamick.  Ann.  Phys.  (N.Y.),  66,  784  (1971). 

25.  I.  Talmi.  Nucl.  Phys.  A423,  189  (1984). 

26.  R.  H.  McCamis,  T.  N.  Nasr,  J.  Birchall  et  al.  Phys.  Rev,  33, 
1624  (1986), 

27.  E.  Bleszynski, M.  Bleszynski, andR.  J. Glauber.  Phys.  Rev. 
Lett.  60,  15  (1988). 

28.  F.  Barranco  and  R.  A.  Broglia.  Phys.  Lett.  151B,  90  (1985). 

29.  M.  Waroquier,  K.  Heyde,  and  G.  Wenes.  Nucl.  Phys.  A404, 
269  (1983). 

30.  X.  Campi  and  D.  Sprung.  Nucl.  Phys.  A194,  401  (1982);  A. 
Chaumeaux,  V.  Layly,  and  R.  Schaeffer.  Phys.  Lett.  72B, 
33  (1977). 

31.  H.  S.  Kohler.  Nucl.  Phys.  A258,  301  (1976). 

32.  W.  Bertozzi,  J.  Friar,  J.  Heisenberg,  and  J.  W.  Negele.  Phys. 
Rev.  A:  Gen.  Phys.  418,  408  (1972). 

33.  G.  S.  Anagnostatos.  Int.  J.  Theor.  Phys.  24,  579  (1985). 

34.  S.  Barshay  and  L.  M.  Sehgal.  Phys.  Rev.  C:  Nucl.  Phys.  31, 
2133  (1985). 

35.  A.  W.  Thomas.  Cem  preprint  No.  TH  3552-CERN.  1983;  J.  W. 
Negele  and  E.  Vogt  {Editors).  Adv.  Nucl.  Phys.  13,  1  (1984); 
G.  S.  Anagnostatos,  C.  N.  Panos,  T.  S.  Kosmas,  and  J.  C. 
Varvitsiotis.  Proceedings  of  the  Int.  Conf.  Nucl.  Physics,  Flor¬ 
ence,  August  29-September  3,  1983.  Tipografia  Compositori, 
Bologna,  1,  A15  (1983). 

36.  G.  S.  Anagnostatos.  Proceedings  of  the  Int.  Conf.  Nucl.  Struc¬ 
ture  through  Static  and  Dynamic  Moments,  Melbourne,  August 
25-28,  1987.  Vol.  2.  Organizing  Committee  of  the  Conference, 
Melbourne.  1,  71  (1987). 

37.  J.  Leech.  Math.  Gaz.  41,  81  (1987). 

38.  G.  S.  Anagnostatos.  Lett.  Nuovo  Cimento  Soc.  Ital.  Fis.  22, 
507  (1978). 

39.  G.  S.  Anagnostatos.  Lett.  Nuovo  Cimento  Soc.  Ital.  Fis.  28, 
573  (1980). 

40.  G.  S.  Anagnostatos.  Lett.  Nuovo  Cimento  Soc.  Ital.  Fis.  29, 
188  (1980). 

41.  G.  S.  Anagnostatos,  J.  Yapitzakis,  and  A.  Kyritsis.  Lett. 
Nuovo  Cimento  Soc.  Ital.  Fis.  32,  332  (1981). 


42.  G.  S.  Anagnostatos  and  C.  N.  Panos.  Phys.  Rev.  C:  Nucl. 
Phys.  26,  260  (1982). 

43.  G.  S.  Anagnostatos.  Lett.  Nuovo  Cimento  Soc.  Ital.  Fis.  41, 
409  (1984). 

44.  C.  N.  Panos  and  G.  S.  Anagnostatos.  J.  Phvs.  G:  Nucl.  Phys. 
8,  1651  (1982). 

45.  I.  Kaplan.  Nuclear  physics.  2nd  ed.  Addison-Wesley  Publishing 
Co.  Inc.,  Reading,  MA,  1964.  p.  537. 

46.  C.  W.  de  Jarer,  H.  de  Vries,  and  C.  de  Vries.  At.  Data  Nucl. 
Data  Tables  14, 479  (1974). 

47.  S.  Platchkov,  A.  Amroun,  P.  Bricault  et  al.  Phys.  Rev.  Lett. 
61,  1465  (1988). 

48.  P.  E.  Hodgson.  Led.  Notes  Phys.  168,  70  (1982). 

49.  N.  Isgur.  Proc.  Int.  Nucl.  Phys.  Conf.  Harrogate,  August  25- 
30, 1986.  Editedby  J.  L.  Durell,  J.  M.  Irvine  andG.  C.  Morrison. 
Institute  of  Physics,  Bristol.  2,  345  (1986). 

50.  G.  S.  Anagnostatos.  Proceedings  of  the  PANIC  Particles  and 
Nuclei.  10th  Int.  Conf.  Heidelberg,  Germany.  July  30-August  3, 
1984.  Vol.  II.  Edited  by  F.  Guttner  B.  Povh,  G.  zu  Putlitz.  North- 
Holland  Publishing  Co.,  Amsterdam  1984.  p.  156. 

51.  L.  S. CELENZAanaC.  M. Shakin.  Phys.  Rev. C:27, 1561  (1983). 

52.  E.  F.  Hefter.  Lett.  Nuovo  Cimento  Soc.  Ital.  Fis.  44, 99  (1985). 

53.  R.  M.  Littauer,  H.  F.  Schopper,  and  R.  R.  Wilson.  Phys.  Rev. 
Lett.  7,  141  (1961):  7,  144  (1961). 

54.  B.  J.  Cole  and  W.  L.  Gadinabokao.  Proc.  Int.  Nucl.  Phys. 
Conf.  Harrogate  U.K.  August  25-30,  1986.  Edited  by  J.  L. 
Durell,  J.  M.  Irvine,  and  G.  C.  Morrison.  Institute  of  Physics, 
Bristol  1,  C96  (1986). 

55.  G.  S.  Anagnostatos,  T.  S.  Kosmas,  S.  E.  Massen,  and  C.  N. 
Panos.  Bull.  Am.  Phys.  Soc.  29,  1029  (1984). 

56.  A.  H.  Wapstra  and  G.  Audi.  Nucl.  Phys.  A432,  1  (1985). 

57.  B.  A.  Brown,  S.  E.  Massen,  and  P.  E.  Hodgson.  J.  Phys.  G: 
Nucl.  Phys.  5,  1655  (1979). 

58.  H.  D.  Wohlfahrt,  E.  B.  Shera,  M.  V.  Hoehn,  Y.  Yamazaki, 
G.  Fricke,  and  R.  M.  Steffen.  Phys.  Rev.  C:  Nucl.  Phys.  23, 
533  (1981). 

59.  F.  Tracer.  Z.  Phys.  A:  At.  Nucl.  299,  33  (1981). 

60.  I.  Brissaux,  Y.  Le  Bornec,  B.  Tatischeff,  L.  Bimbot,  and  G. 
Duhamel.  Nucl.  Phys.  A191,  145  (1972). 

61 .  L.  Ray  and  W.  R.  Coker.  University  of  Texas  Technical  Preprint 
No.  UTNT-3  1977. 

62.  G.  K.  Varma  and  L.  Zamick.  Phys.  Rev.  C:  Nucl.  Phys.  16, 
308  (1977). 

63.  H.  J.  Gils,  H.  Rebek,  and  E.  Friedman.  Phys.  Rev.  C:  Nucl. 
Phys.  29,  1295  (1984). 

64.  J.  A.  Nolen  and  J.  P.  Schiffer.  Ann.  Rev.  Nucl.  Sci.  19,  471 
(1969). 

65.  R.  Kunselman  and  G.  Grin.  Phys.  Rev.  Lett.  24,  838  (1970). 

66.  J.  W.  Negele.  Proc.  2nd  European  Physical  Society  Nucl.  Phys. 
Conf.  Radial  Shape  of  Nuclei.  Cracow,  June  22-25, 1976.  Edited 
by  A.  Budzanowski  and  A.  Kapuscik.  Jagellonian  University, 
Institute  of  Nuclear  Physics,  Cracow,  p.  79.  1976. 

67.  J.  Nemeth.  Nucl.  Phys.  A156,  183  (1970). 

68.  D.  Wautherin  and  D.  M.  Brink.  Phys.  Rev.  C:  Nucl.  Phys.  5, 
626(1972). 

69.  M.  Beiner,  H.  Flocard,  N.  Van  Giai,  and  P.  Quentin.  Nucl. 
Phys.  A238,  29  (1975). 

70.  D.  Kolb,  R.  Y.  Cusson,  and  M.  Harvey.  Nucl.  Phys.  A215  1, 
(1973). 

71.  J.  W.  Negele  and  D.  Vautherin.  Phys.  Rev.  C:  Nucl.  Phys.  5, 
1472  (1972). 

72.  K.  T.  R.  Davis  et  al.  Phys.  Rev.  C:  Nucl.  Phys.  4,  81  (1971). 

73.  J.  Decharge  and  D.  Gogny.  Phys.  Rev.  C:  Nucl.  Phys.  21, 1568 
(1980). 

74.  L.  R.  B.  Elton.  Phys.  Rev.  158,  970  (1967). 

75.  C.  J.  Batty  and  G.  W.  Greenlees.  Nucl.  Phys.  A133,  673 
(1969). 

76.  R.  J.  Lombard.  Ann.  Phys.  (N.Y.),  77,  380  (1973). 


124 


A  study  of  high-purity  CdJSe^j.  vacuum-deposited  thin  films 

E.  Dufresne1  and  D.  E.  Brodie 

Guelph-Waterloo  Program  for  Graduate  Work  in  Physics,  Waterloo  Campus,  University  of  Waterloo, 

Waterloo,  Ont.,  Canada  N2L  3G1 

Received  November  6, 1990 

Pure  CdSe  films  were  vacuum  deposited  onto  liquid-nitrogen-cooled  substrates  using  a  doubly  baffled  source  in  an  attempt 
to  prepare  and  study  amorphous  CdSe.  The  deposition  of  stable  stoichiometric  amorphous  pure  films  was  not  verified  since 
the  films  were  always  polycryrtalline  when  analyzed  at  room  temperature.  CdSe  appears  to  be  different  from  some  other  II- 
VI  compounds  that  can  be  prepared  as  pure  stoichiometric  amorphous  materials  and  can  be  studied  at  a  temperature  up  to 
400  K.  Pure  nonstoichiometric  films  were  also  prepared  using  a  second  source  to  supply  the  excess  component.  Amorphous 
Se-rich  films  could  only  be  produced  for  samples  with  at  least  59  at.%  Se.  For  Cd-rich  films,  the  excess  Cd  agglomerates  and 
the  CdSe  crystallite  sizes  are  smaller  than  those  observed  in  stoichiometric  films.  The  electrical  and  optical  properties  scale 
as  a  function  of  the  Cd  content  and  the  films  become  metallike  as  the  Cd  content  increases  through  60  at.%.  The  electrical 
transport  properties  are  very  different  for  polycrystalline  films,  depending  on  whether  the  CdSe  is  deposited  on  a  hot  substrate, 
or  on  a  cold  substrate  and  annealed  to  the  same  high  temperature.  We  show  that  impure  amorphous  films  of  CdSe  can  be 
deposited  if  the  system’s  background  pressure  is  high. 


Des  couches  minces  de  CdSe  pur  ont  dt t  ddposdes  sous  vide  sur  des  substrats  refroidis  &  l’axote  liquide,  en  utilisant  une 
source  &  double  dcran,  dans  le  but  de  prdparer  et  d’dtudier  du  CdSe  amorphe.  Le  ddpeit  de  couches  stodchiomdtriques  amorphes 
purcs  n’a  pu  fitre  vdrifid,  dtant  donnd  que  les  couches  ddposdes  sont  toujours  polycristallines  lorsqu’on  les  analyse  k  tempdrature 
ambiante.  II  semble  que  CdSe  soit  different  de  certains  autres  composds  II— VI  qu’on  peut  prdparer  sous  forme  de  matdriaux 
stodchiomdtriqu~s  amorphes  pure  et  qu'on  peut  dtudier  it  des  tempdratures  allant  jusqu’A  400  K.  On  a  aussi  prdpard  des  couches 
non  stodchiomdtriques  pures  en  utilisant  une  seconde  source  pour  foumir  la  composante  en  exeds.  Des  couches  amorphes 
enrichies  en  Se  ne  pouvaient  6tre  obtenues  que  pour  des  dchantillons  avec  au  moins  59  at.%  de  Se.  Pour  les  couches  enrichies 
en  Cd,  l’excds  de  Cd  s’agglomdre  et  la  grosseur  des  cristallites  de  CdSe  est  infdrieure  k  celle  qu’on  observe  dans  les  couches 
stodchiomdtriques.  Les  propridtds  dlectriques  et  optiques  s’dchelonnent  en  fonction  du  contenu  en  Cd,  et  les  couches  deviennent 
de  type  mdtallique  lorsque  le  contenu  en  Cd  croit  au-deld  de  60  at%.  Les  propridtds  de  transport  dlectrique  sont  trds  diffdrentes 
pour  les  couches  polycristallines  et  ne  sont  pas  les  memes  pour  le  CdSe  ddposd  sur  une  surface  chaude  et  pour  celui  ddposd 
sur  une  surface  froide  et  recuit  k  la  meme  haute  tempdrature.  On  montre  que  des  couches  de  CdSe  amorphe  impur  peuvent 
etre  ddposdes  si  la  pression  rdsiduelle  dans  le  systdme  est  dlevde. 

(Traduit  par  la  rddaction] 
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I.  Introduction 

In  the  last  20  years,  the  polycrystalline  phase  of  CdSe 
deposited  on  substrates  at  or  above  room  temperature  has  been 
studied  extensively  (1-5).  These  studies  have  been  motivated 
by  the  potential  application  of  CdSe  in  thin-film  transistors.  In 
particular,  thin-film  transistors  of  CdSe  deposited  in  a  matrix 
pattern  are  used  to  switch  pixels  on  and  off  as  part  of  a  liquid 
crystal  display  in  a  flat  screen  configuration  (6).  Prototype  dis¬ 
plays  have  already  been  reported  (7). 

Although  the  polycrystalline  phase  of  CdSe  has  been  studied, 
little  is  known  of  the  amorphous  phase.  Only  one  attempt  to 
study  pure  amorphous  CdSe  (a-CdSe)  is  known  (8)  and  this 
work  reports  an  attempt  to  fabricate  and  study  the  properties  of 
a-CdSe  thin  films.  However,  stoichiometric,  stable,  high-purity 
a-CdSe  was  not  obtained. 

Rieckhoff  (8)  flash  evaporated  CdSe  onto  glass  substrates 
held  near  100  K.  The  films  were  deposited  in  a  vacuum  system 
with  a  base  pressure  of  1  x  10-7  Torr  (1  Torr  =  133  Pa)  and 
the  pressure  during  deposition  rose  to  1  x  10“ 6  Torr.  The  dc 
conductivity  of  the  films  was  measured  in  situ  as  the  films 
warmed  from  low  temperature  to  room  temperature  and  this 
changed  irreversibly  from  an  “amorphouslike”  curve  (strongly 
temperature  dependant  conductivity)  to  a  “polycrystallinelike” 
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curve  (almost  temperature  independent  conductivity),  charac¬ 
teristic  of  other  a-II-VI  compounds  that  have  been  crystallized 
from  the  amorphous  state  (9,  10).  The  CdSe  films  were 
observed  to  be  polycrystalline  at  the  time  the  structural  analysis 
was  performed  at  room  temperature.  From  the  change  of  the 
electrical  properties,  it  was  suggested  that  the  films  probably 
crystallize  below  room  temperature. 

The  fabrication  of  low-purity  a-CdSe  has  been  reported  (2). 
These  films  were  vacuum-deposited  with  low  deposition  rates 
in  a  relatively  poor  vacuum.  The  amorphous  structure  of  these 
films  was  believed  to  have  been  assisted  by  the  incorporation 
of  residual  gases  into  the  growing  film  (2). 

In  a  number  of  previous  studies  of  some  amorphous  II— VI 
compounds  prepared  in  this  laboratory,  the  amorphous  films 
were  made  with  very  low  vacuum  pressures  present  during 
evaporation  of  the  materials  (9,  10),  leading  to  the  formation 
of  high-purity  films.  From  the  results  given  in  ref.  2,  one  notes 
that  low-purity  amorphdus  CdSe  films  can  be  fabricated  but 
that  it  is  more  difficult  to  fabricate  and  study  high-purity  amor¬ 
phous  CdSe  films  (8,2). 

In  this  work,  we  studied  some  of  the  properties  of  high-purity 
CdSe  thin  films  vacuum-deposited  onto  liquid-nitrogen  (LN2) 
cooled  substrates  and  annealed  at  room  temperature.  The  objec¬ 
tive  was  to  prepare  and  study  pure  amorphous  films.  Both  stoi¬ 
chiometric  films  and  films  with  a  varying  Cd/Se  ratio  were 
prepared,  but  only  some  of  these  latter  materials  could  be 
deposited  and  studied  in  the  amorphous  phase.  The  films  were 
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Table  1.  Deposition  conditions 


Deposition  pressures  (Torr) 

10  ~8-3  x  10“5 

Substrate  temperatures  (K) 

98-137  and  474 

Deposition  rates  (nm  s'1) 

0.03-6 

Thicknesses  (nm) 

180-1550 

Se-source  temperature  (K) 

490-504 

Cd-source  temperature  (K) 

506-564 

characterized  by  observing  some  of  their  electrical,  optical,  and 
structural  properties.  The  effects  of  annealing  and  (or)  crystal¬ 
lizing  the  films  at  higher  temperatures  are  reported. 

2.  Experimental  method 

CdSe  films  were  deposited  onto  LN2-cooled  substrates 
(Coming  7059  glass)  using  an  RD  Mathis  doubly  baffled  source 
(SO-10).  The  glass  substrates  had  electrical  leads  pre-attached 
so  that  a  planar  contact  configuration  could  be  deposited  and 
the  electrical  measurements  completed  in  situ.  The  distance 
between  the  source  and  substrate  was  25  cm.  To  shift  stoichi¬ 
ometry,  a  second  source  was  added  to  increase  the  vapour  pres¬ 
sure  of  one  component.  An  RD  Mathis  CH- 10  source  equipped 
with  a  copper-constantan  thermocouple  was  used  to  evaporate 
the  excess  component  that  was  contained  in  an  A1203  crucible. 
A  controlled  leak  valve  was  used  to  introduce  air  into  the  dep¬ 
osition  system  when  low-purity  films  were  made.  The  source 
materials  used  were  CERAC  99.999%  pure  CdSe  325  mesh 
powder;  A.  P.  Mackay  Inc.  99.999%  pure  Cd  shot;  and  Apache 
Chemicals  99.9999%  pure  Se  shot. 

Before  a  deposition,  the  system  was  baked  overnight  under 
vacuum  at  =120°C.  The  base  pressure  of  this  system  is  nor¬ 
mally  between  8  x  10“ 9  and  2  x  10“ 8  Torr  after  the  bake 
out  cycle.  During  the  deposition,  the  p  essure  can  be  kept 
between  1  x  10' 8  and  3  x  10~8  Torr.  The  principal  residual 
gases  present  before  a  deposition  are  H20,  N2,  CH4,  02,  and 
C02.  During  the  deposition,  the  peaks  for  N2,  02,  and  C02 
increase.  This  increase  in  residual  gas  pressure  is  minimized 
by  outgassing  the  sources,  i.e.,  heating  the  sources  to  near  the 
evaporation  temperature  prior  to  deposition.  Outgassing  the 
sources  was  found  to  be  an  important  procedure  for  obtaining 
a  cleaner  vapour  flow.  Table  1  summarizes  the  deposition 
conditions. 

The  dc  conductivity  was  measured  by  applying  a  constant 
voltage  to  the  gold  contacts  and  recording  the  resulting  current. 
A  four  probe  measurement  was  used  to  study  high-conductivity 
samples,  i.e.,  above  100  S  cm-1.  All  samples  were  annealed 
overnight  at  room  temperature,  and  in  each  case  linear  current- 
voltage  characteristics  were  assumed  to  indicate  ohmic  con¬ 
tacts.  All  contacts  were  ohmic  in  the  range  of  electric  fields 
used  (i.e.,  up  to  fields  of  100  V  cm' ').  Structural  information 
was  obtained  using  a  Siemens  D500  diffractometer  and  a  cop¬ 
per  target  with  a  Ni  filter  (\  =  0. 154  06  nm).  For  some  sam¬ 
ples,  the  film  was  later  scraped  from  the  substrate  to  compare 
the  diffractometer  results  with  Debye-Scherrer  powder  pat¬ 
terns.  A  quantitative  X-ray  microanalysis  technique  (Kevex 
Analyst  8000  microanalyser)  was  used  to  determine  the  com¬ 
position  of  the  films.  The  X  rays  were  excited  by  10  KeV  elec¬ 
trons  provided  in  a  scanning  electron  microscope.  The  uncer¬ 
tainty  in  sample  composition  is  =2%  for  ideal  conditions  using 
this  method.  The  optical  gap  was  determined  with  a  double 
beam  spectrophotometer  (Varian  DMS  200),  but  for  some  Cd- 
rich  samples,  a  Cary- 14  double  beam  spectrophotometer  was 
required  to  extend  the  spectral  range  into  the  infrared.  The  data 


Fig.  1 .  The  general  behaviour  of  the  dc  conductivity  of  a  stoichio¬ 
metric  CdSe  film  is  illustrated  as  the  temperature  is  cycled  from  the 
as-made  stoichiometric  sample  to  the  annealed  polycrystalline  sample. 

obtained  from  the  polycrystalline  films  enable  one  to  determine 
the  optical  gap  from  a  plot  of  a2  vs.  hv.  This  assumes  that 
crystalline  CdSe  has  a  direct  allowed  transition  at  the  band  edge 
(11).  The  data  for  all  the  amorphous  samples  and  all  samples 
with  very  small  crystallites  embedded  in  an  amorphous  matrix 
could  be  fit  to  a  plot  of  ( ahv)'12  vs.  hv  (a  Tauc  plot)  (12)  and 
this  was  used  to  obtain  the  optical  gap  for  these  films. 

3.  Results  and  discussion 

3.1.  Pure  stoichiometric  CdSe  films 

Figure  1  represents  the  Arrhenius  plot  of  a  typical  sample  as 
it  is  thermally  cycled  after  deposition.  This  curve  can  be 
separated  into  four  parts.  Part  A  corresponds  to  a  stable 
conductivity  regime.  If  the  sample  is  thermally  cycled  below  a 
critical  temperature  Ta  (=167  K),  the  conductivity  is 
reproducible.  As  the  temperature  is  increased  above  Ta,  part  B 
is  obtained  and  corresponds  to  an  irreversible  change  in  the 
conductivity,  i.e.,  if  the  sample  is  cooled  again  in  this  regime, 
the  conductivity  is  always  higher  than  in  part  A.  If  one  continues 
to  warm  the  sample  above  the  highest  temperature  the  sample 
had  attained  before  cooling,  the  conductivity  continues  to 
increase  irreversibly.  The  sample  appears  to  go  through  a  series 
of  metastable  states  that  correspond  to  changes  in  bonding 
configurations  or  a  partial  crystallization.  Extensive  changes  in 
the  dc  conductivities  occur  during  this  annealing  transition, 
e.g.,  between  four  and  nine  orders  of  magnitude  depending  on 
the  deposition  rate  for  the  sample.  The  conductivities  of  samples 
deposited  using  the  lowest  deposition  rate  change  the  most.  Part 
C  corresponds  to  a  regime  in  which  the  conductivity  goes 
through  a  local  maximum  in  a  process  that  resembles  the 
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Fig.  2.  The  general  behaviour  of  the  dc  conductivity  vs.  1000/7’  for 
some  amorphous  11— VI  semiconductors  as  they  are  annealed,  then 
crystallized. 


Fig.  3.  Diffraction  pattern  of  a  typical  film  (a)  compared  with  the 
diffraction  pattern  of  the  CdSe  source  powder  ( b ).  The  numbers  in 
brackets  are  Miller  indices  for  the  wurtzite  lattice. 


annealing  phase  of  other  a-II-VI  compounds.  After  attaining 
state  D,  the  conductivity  is  reproducible  again  as  represented 
by  curve  E  as  long  as  the  sample  temperature  does  not  exceed 
the  highest  annealing  temperature  used. 

Figure  2  shows  a  schematic  Arrhenius  plot  of  a  typical  a-II- 
VI  semiconductor  as  it  is  thermally  cycled  from  the  initially 
amorphous  film  to  the  polycrystalline  film.  The  curve  between 

1  and  2  exhibits  the  annealing  of  the  sample  as  it  is  warmed  up 
from  a  low  temperature  to  the  annealing  temperature  for  the 
first  time.  If  the  temperature  is  then  kept  below  2,  the 
conductivity  of  the  amorphous  sample  is  reproducible  between 

2  and  3.  If  one  warms  the  sample  from  2  to  5,  crystallization 
occurs.  After  this  irreversible  transition,  one  now  obtains  the 
curve  5  to  6,  and  this  behaviour  is  characteristic  of  those 
materials  that  have  been  crystallized  from  the  amorphous  phase. 

Figures  1  and  2  exhibit  similar  irreversible  changes  in  the 
conductivity  during  the  annealing  process.  However,  all 
stoichiometric  pure  CdSe  films  investigated  in  this  study  were 
polycry1-  illine  by  the  time  the  structure  was  observed  at  room 
temperature.  It  is  not  known  whether  the  CdSe  films  contain 
crystallites  that  grow  when  they  are  deposited  initially,  or 
whether  crystallites  form  during  the  annealing  process. 
However,  no  obvious  crystallization  temperature  is  evident  in 
any  of  the  annealing  curves  represented  by  Fig.  1. 

It  is  not  understood  at  the  moment  why  stoichiometric  CdSe 
is  so  different  from  some  of  the  other  II— VI  compounds  that 
can  be  prepared  as  pure  amorphous  films  (9,  10,  13).  It  may 
be  that  the  strong  ionicity  of  the  bond  enhances  the  formation 
of  crystallites.  Some  high-purity  amorphous  CdTe  films  have 
been  produced  (13)  (the  CdTe  bond  is  less  ionic  than  that  for 
CdSe),  but  CdS  (a  more  ionic  bond  than  the  CdSe  bond)  was 


difficult  to  prepare  even  at  background  vacuum  pressures  of 
10“ 6  Torr  (14),  although  it  has  been  prepared  in  a  poorer 
vacuum  (15). 

Figure  3 a  shows  the  intensity  of  the  diffracted  X  rays  as  a 
function  of  the  scattering  angle  20  for  a  typical  vacuum- 
deposited  film  and  Fig.  3 b  shows  a  reference  powder  pattern 
obtained  using  the  source  material.  The  patterns  of  Figs.  3 a 
and  3 b  represent  the  hexagonal  phase  of  CdSe  and  the 
crystallites  in  the  film  grown  with  a  preferred  orientation.  As 
one  can  see  from  Fig.  3a,  the  (002)  planes  scatter  more  X  rays 
than  the  (100)  planes  and  this  is  reversed  in  the  reference 
pattern.  From  the  diffraction  patteM.  one  can  evaluate  the 
crystallite  size  d,  using  the  relation  ( >  6): 

,  0.9  X 

d  — - 

a  cos  (0B) 

where  X  is  the  X-ray  wavelength  (0. 154  06  nm),  0B  is  the  Bragg 
angle  of  the  line,  and  a  is  the  FWHM  in  radians.  The  (002) 
diffraction  lines  have  been  used  to  determine  the  crystallite  sizes 
and  the  values  obtained  range  between  43  and  50  nm  for  the 
stoichiometric  films.  The  uncertainty  in  these  values  is 
estimated  to  be  10%,  due  largely  to  the  difficulty  of  locating 
the  baseline  and  noise  in  the  signal. 

It  was  noted  that  pure  a-ZnSe  and  a-ZnTe  were  obtained 
under  similar  conditions  to  those  used  here  for  CdSe  ( 10),  but 
only  if  the  deposition  rate  exceeded  2.5  nm  s  ~ 1 .  The  deposition 
rate  used  for  CdSe  in  this  study,  was  varied  from  0.03  to 
6  nm  s“\  but  only  polycrystalline  films  were  observed  after 
annealing  to  room  temperature.  However,  this  variation  in 
deposition  rate  results  in  very  large  differences  in  the  electrical 
conductivities  observed  initially  for  the  different  films,  e.g.. 
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Fig.  4.  Effect  of  the  substrate  temperature  during  deposition  on  the 
dc  conductivities  of  two  types  of  films.  One  sample  (solid  line)  was 
deposited  onto  a  substrate  held  at  1 10  K  and  annealed  at  487  K  while 
the  other  (the  dotted  line)  was  deposited  on  a  substrate  held  at  474  K. 


the  initial  dc  conductivity  below  Ta  (Fig.  1)  varied 
systematically  from  10“9  to  10“2  S  cm-1  with  increasing 
deposition  rate.  Even  so,  the  room  temperature  conductivities 
for  all  of  the  annealed  films  are  comparable  with  values  around 
1  S  cm-1. 

The  annealed  conductivity  in  each  case  could  be  fit  to  a  sum 
of  two  exponentials  and  this  gives  a  low-and  high-temperature 
activation  energy  for  each  sample.  The  low-temperature 
activation  energy  for  annealed  samples  decreases  from  0.04  to 
0.003  eV  with  increasing  deposition  rate.  On  the  other  hand, 
all  of  the  higher  temperature  activation  energies  observed  were 
0.15  ±  0.03  eV. 

Sample  reproducibility  was  determined  by  making  three 
samples  using  the  same  deposition  conditions.  The  annealing 
process  as  well  as  the  final  electrical  properties  were  reproduced 
satisfactorily  although  some  variations  were  measurable.  One 
might  expect  even  small  variations  in  the  deposition  conditions 
and  (or)  the  thermal  history  of  the  source  or  sample  (5,  9)  to 
yield  measurable  differences  in  the  properties. 

The  optical  gaps  evaluated  for  these  CdSe  films  lie  between 
1 .7  and  2.0  eV.  The  optical  gap  for  single  crystal  CdSe  ranges 
from  1 .7  (17)  to  1 .8  eV  (18).  The  differences  between  measured 
optical  gaps  in  polycrystalline  samples  and  the  optical  gap  of 
single  crystal  CdSe  are,  for  many  samples,  larger  than  the  error 
due  to  the  uncertainties.  Some  differences  may  be  observed  due 
to  scattering  effects  at  the  grain  boundaries  and  nonsmooth 
surfaces  that  may  be  obtained  in  polycrystalline  films  (19). 

Figure  4  shows  the  electrical  conductivities  for  two  CdSe 
films;  one  was  deposited  onto  a  substrate  held  at  474  K,  while 
the  other  was  deposited  onto  a  substrate  held  at  110  K  and 
annealed  to  487  K.  Two  very  different  stable  materials  were 
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Fig.  5.  X-ray  diffraction  patterns  for  CdtSe,_,  for  0.41  =£**=0.62. 
x  has  an  uncertainty  of  2%. 


obtained.  The  conductivity  for  the  reference  film  (i.e. ,  Ts  = 
474  K)  can  be  modelled  with  only  one  exponentially  activated 
conductivity  regime  (activation  energy  of  0.51  eV  and  a 
conductivity  pre-exponential  factor  of  2. 5  x  103  S  cm-1).  This 
result  agrees  well  with  previous  work  (1). 

The  diffraction  patterns  of  both  of  these  films  are  consistent 
with  polycrystalline  hexagonal  CdSe.  The  film  deposited  on  a 
hot  substrate  shows  a  trace  of  the  CdSe  (102)  line,  which  is  not 
present  in  the  annealed  film.  Crystallite  sizes  obtained  from  X- 
ray  line  widths  indicate  that  the  two  materials  have  the  same 
average  crystallite  size  (i.e.,  50  nm)  within  experimental  error. 
Also  the  atom  ratios  in  these  two  films  are  the  same  to  within 
the  limits  of  the  experiments.  In  addition,  the  film  made  with 
Ts  =  474  K  is  a  reasonable  photoconductor  while  the  film  made 
with  Ts  =  110  K  has  a  barely  detectable  photoconductivity 
when  viewed  under  the  same  conditions.  The  electrical 
properties  of  the  film  deposited  on  the  hot  substrate  appears  to 
be  representative  of  a  good -quality  polycrystalline  film  in  which 
the  electrical  characteristics  are  dominated  by  grain-boundary 
trapping  (1).  On  the  other  hand,  the  electrical  characteristics  of 
the  annealed  film  deposited  on  the  cold  substrate  appears  to 
have  electrical  characteristics  representing  transport  via  highly 
conducting  grain  boundaries  or  at  least  grain  boundaries  that 
do  not  introduce  barriers  between  the  grains.  If  there  are  small 
differences  in  the  atom  ratios  for  the  two  films,  this  would  be 
amplified  in  the  grain  boundaries  for  an  annealed  film. 

3.2.  Nonstoichiometric  pure  films 

Figure  5  shows  the  effect  of  varying  the  atom  ratio  on  the 
films’  structural  properties.  In  Cd^Se,  _  t.  an  excess  of  5  at.% 
Se  (x  =  0.45),  decreases  the  crystallite  size.  Furthermore, 
59  at.%  and  higher  concentrations  of  excess  Se  (jc  =£  0.41)  yield 
the  only  completely  high-puriu  amorphous  materials  obtained 
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Fig.  6.  dc  conductivities  vs.  1000/7  for  Cd,Se,  samples  for  0.29 
»=  *  0.61 .  *  has  an  uncertainty  of  2%. 


in  this  study.  Since  Se  is  amorphous  when  deposited  on  a  room- 
temperature  substrate,  it  is  expected  that  increasing  the  con¬ 
centration  of  Se  will  ultimately  result  in  an  amorphous  material. 

Excess  Cd  has  a  more  immediate  effect  on  the  structural 
properties  of  the  films,  i.e.,  less  Cd  is  needed  to  initiate  sig¬ 
nificant  changes  in  the  structure.  1  at.%  excess  Cd  decreases 
the  crystallite  size  evaluated  with  the  (002)  line  to  less  than 
those  evaluated  for  stoichiometric  films  and  a  weak  hexagonal 
Cd  line  (002)  appears  in  the  spectrum.  One  can  still  see  broad 
CdSe  lines  in  the  diffraction  pattern,  e.g.,  the  (110)  and  (1 12) 
lines,  and  can  almost  resolve  the  (100)  and  the  (002)  lines.  The 
presence  of  these  Cd  and  CdSe  crystallites  as  well  as  the  diffuse 
rings  are  also  seen  in  the  Debye-Scherrer  patterns. 

With  increasing  Cd  content,  more  Cd  lines  appear,  i.e.,  the 
hexagonal  Cd  (101)  and  (004)  lines.  Films  made  with*  =  0.52 
and  x  =  0.62  were  made  from  the  same  batch  of  CdSe  source 
material  and  those  for*  =  0.51  and*  =  0.60  were  made  using 
material  from  a  different  batch,  although  both  were  supplied 
by  the  same  company  with  the  same  purity.  The  trend  is  indi¬ 
cated  consistently  by  these  two  pairs  of  samples,  i.e.,  the 
increasing  Cd  agglomeration  and  the  decrease  in  CdSe  crys¬ 
tallite  size. 

The  increasing  amplitudes  of  Cd  lines,  the  presence  of  the 
remanent  of  CdSe  lines  and  the  diffuse  rings  suggest  that  the 
films  are  heterogeneous,  with  small  Cd  crystallites  as  well  as 
small  CdSe  crystallites  embedded  in  an  amorphous  matrix. 

Figure  6  shows  the  effect  of  changing  tne  atom  ratio  on  the 
electrical  conductivity  for  fully  annealed  films.  Excess  Se  (*  < 
0.5)  decreases  the  dc  conductivity  from  that  observed  for  a  stoi¬ 
chiometric  reference  sample.  The  three  samples  with  the  largest 
Se  content  are  completely  amorphous,  i.e.,  the  presence  of 
crystallites  could  not  be  detected,  while  the  fourth  film  con¬ 
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Fig.  7.  Optical  gaps  vs.  sample  composition  for  high-purity  films. 
E0’s  are  obtained  from  Tauc  plots.  All  of  these  samples  yielded  diffuse 
diffraction  rings  in  the  X-ray  patterns  and  many  of  the  patterns  also 
contained  lines  indicating  the  presence  of  small  crystallites- 

taining  53  at.%  Se,  contains  crystallites  up  to  37  nm  in  size. 
The  electrical  transport  in  the  polycrystalline  film  is  similar  to 
that  for  the  three  amorphous  films,  suggesting  that  the  transport 
properties  are  dominated  by  the  properties  of  the  amorphous 
matrix  in  which  the  crystallites  are  embedded. 

Generally,  the  higher  temperature  conductivities  increase 
with  increasing  *  (see  Fig.  6)  and  in  the  vicinity  of  *  =  0.6, 
films  become  metallic.  As  the  Cd  content  increases  to 
s60  at.%,  it  is  assumed  that  the  Cd  islands  coalesce  and  pro¬ 
vide  electrically  continuous  paths  through  the  film. 

The  low-temperature  transport  appears  to  be  dominated  by 
the  defect  structure  associated  with  the  amorphous  matrix  of 
the  nonstoichiometric  films.  It  is  significantly  more  difficult  to 
reproduce  the  defect  density,  since  this  requires  a  more  exact 
duplication  of  the  deposition  conditions  and  the  thermal  anneal 
history  as  well  as  the  purity  (9,  10).  Even  so,  the  general  trend 
of  increasing  conductivity  with  increasing  Cd  content  is 
apparent. 

Figure  7  shows  the  optical  gap  obtained  from  Tauc  plots 
versus  the  Se  content  for  nonstoichiometric  samples.  The  opti¬ 
cal  gap  varies  linearly  between  *  =  0.41  and  0.71  with  increas¬ 
ing  Sc  content.  This  linear  variation  in  the  optical  gap  with  the 
Cd/Se  ratio  is  reminiscent  of  Vegards’  law,  but  the  agreement 
is  not  perfect.  The  data  in  Fig.  7  were  obtained  only  for  samples 
for  which  a  diffuse  pattern  was  present  in  the  X-ray  spectrum 
and  the  optical  data  could  be  fit  rather  well  by  a  Tauc  plot.  This 
would  suggest  that  a-CdSe  should  have  an  optical  gap  near 
1 .3  eV.  However,  all  of  our  pure  stoichiometric  CdSe  samples 
are  polycrystalline  and  give  optical  gaps  between  1.7  and 
2.0  eV  and  as  well  the  or.ical  absorption  data  are  not  described 
by  a  Tauc  plot. 


DUFRESNE  AND  BRODIE 


129 


For  samples  with  values  of  x  above  0.6,  near  the  transition 
to  metallike  conduction,  the  optical  gap  decreases  rapidly, 
probably  strongly  influenced  by  the  agglomerating  excess  Cd. 
Due  to  die  mixture  of  crystallites  and  amorphous  material  pres¬ 
ent  in  most  of  these  nonstoichiometric  samples,  it  is  probably 
not  meaningful  to  try  to  relate  these  data  to  the  work  of  O’Reilly 
and  Robertson  (20). 

A  Se-rich  amorphous  film  was  crystallized  in  order  to  follow 
the  crystallization  process.  Figure  8  shows  the  Arrhenius  plots 
for  two  samples,  i.e.,  one  was  initially  amorphous  (*  =  0.30) 
and  crystallized  at  the  higher  temperature,  while  the  other  was 
initially  polycrystalline  (a  =  0.47)  and  just  annealed  at  the 
higher  temperature.  For  the  initially  amorphous  film  (solid 
line),  the  conductivity  increases  until  it  reaches  a  maximum 
value  at  T  =  400  K  and  then  decreases  as  the  temperature 
approaches  the  final  annealing  value  of  487  K.  After  annealing 
for  10  min  at  487  K,  the  sample  was  cooled  again  and  the  dc 
conductivity  followed  that  of  a  relatively  good-quality  poly¬ 
crystalline  sample.  This  conductivity  can  be  modeled  with  a 
single  activation  energy  yielding  a  value  of  0.21  eV.  Analysis 
verified  that  the  sample  had  crystallized.  Another  amorphous 
Se-rich  sample  (a  =  0.41)  crystallized  in  the  same  manner 
yielding  the  same  activation  energy.  This  behavior  is  qualita¬ 
tively  opposite  to  that  illustrated  in  Fig.  2,  which  is  character¬ 
istic  of  a  number  of  other  a-II-VI  compounds. 

The  dotted  curve  in  Fig.  8  is  the  Arrhenius  plot  of  a  poly¬ 
crystalline,  Se-rich  (jc  =  0.47)  film.  The  conductivity  is 
recorded  as  the  sample  is  annealed  to  487  K.  One  can  conclude 
that  this  very  different  behaviour  in  the  conductivity  due  to  the 
annealing  process  is  related  to  the  fact  that  one  sample  was 
completely  amorphous  initially  since  both  of  these  are  Se-rich. 

The  final  conductivities  of  the  initially  amorphous  Se-rich 
samples  and  the  initially  polycrystalline  Se-rich  samples  are  not 
the  same.  It  is  tempting  to  speculate  that  the  final  electrical 
properties  observed  in  both  Figs.  4  and  8,  are  determined  by 
the  crystallite  nucleation  process,  which  is  dependent  on 
whether  the  crystal  growth  is  initiated  on  a  cold  substrate  or  on 
a  warmer  substrate.  The  sample  shown  in  Fig.  8,  which  was 
initially  amorphous,  appears  to  represent  a  polycrystalline  film 
with  electrical  properties  that  are  more  characteristic  of  a  film 
whose  crystallites  had  nucleated  on  a  hot  substrate  (see  Fig.  4). 

3.3.  Low-purity  CdSe  films 

To  confirm  the  role  of  residual  gases  in  the  formation  of 
a-CdSe  films,  the  deposition  pressure  was  varied  by  introduc¬ 
ing  air  through  a  controlled  leak  valve  with  a  deposition  rate 
near  0.3  nms"1. 

Diffraction  patterns  indicate  that  amorphous  samples  can  be 
fabricated  with  ambient  air  pressures  near  3  x  10~5  Torr,  but 
some  crystallites  are  still  present  when  this  pressure  is  as  large 
as  5  x  10' 6  Torr.  The  crystallite  size  measured  by  the  width 
of  the  (002)  line  decreases  with  increasing  residual  gas  pressure, 
decreasing  from  52  nm  at  1  x  10“ 8  Torr  to  40  nm  at  5  x 
10'6  Torr.  The  incorporation  of  impurities  from  the  air  appears 
to  inhibit  the  crystallite  formation, 

4.  Conclusion 

High-purity  CdSe  thin  films  were  deposited  onto  substrates 
held  near  100  K  using  a  doubly  baffled  source.  Pure  stoichio¬ 
metric  films  were  always  polycrystalline  wurtzite  CdSe  when 
their  structure  was  observed  at  room  temperature.  Some  amor¬ 
phous  films  were  fabricated,  but  all  of  those  contained  excess 


Fig.  8.  Changes  in  dc  conductivity  with  annealing  for  two  Se-rich 
samples.  The  solid  curve  represents  the  crystallization  of  a  Se-rich 
(*  =  0.3)  initially  amorphous  sample.  The  dotted  curve  represents  the 
annealing  of  a  Se-rich  sample  (x  =  0.47)  that  initially  contained 
crystallites. 


Se,  or  were  impure  having  been  deposited  in  a  high  ambient 
pressure. 

An  extensive  irreversible  annealing  process  (observed  via  the 
dc  conductivity)  occurs  in  pure  stoichiometric  CdSe  films 
deposited  onto  LN2-cooled  substrates,  as  the  film  is  warmed 
to  room  temperature. 

As  a  stoichiometric  film  made  on  a  LN2-cooled  substrate  is 
annealed  to  487  K,  the  conductivity  increases  and  the  activa¬ 
tion  energy  decreases  continually  and  the  resulting  annealed 
film  has  very  different  electrical  properties  compared  with  those 
for  a  film  deposited  onto  a  substrate  held  at  474  K. 

High-purity  amorphous  nonstoichiometric  films  are  obtained 
when  the  Se  content  is  higher  then  or  equal  to  =59  at.%.  A 
small  excess  of  Cd  appears  to  inhibit  the  growth  of  larger  CdSe 
crystallites  and  the  film  morphology  is  a  mixture  of  small  Cd 
and  CdSe  crystallites  embedded  in  an  amorphous  matrix.  The 
electrical  and  optical  properties  of  these  films  scale  as  a  func¬ 
tion  of  the  Cd  content  and  the  films  become  metallike  near 
60  at.%  Cd. 

Initially  polycrystalline  Se-rich  films,  anneal  similarly  to 
high-purity  stoichiometric  films  and  in  both  cases,  the  conduc¬ 
tivity  increases.  Initially  amorphous  Se-rich  films,  anneal  in  a 
different  way,  and  the  conductivity  decreases  when  they  crys¬ 
tallize.  It  is  suggested  that  the  temperature  at  which  the  crys¬ 
tallites  nucleate  is  an  important  parameter  affecting  the  way  the 
structure  evolves  and  hence  the  final  conductivities  of  the  films. 

Finally,  lower  purity  amorphous  CdSe  can  be  prepared  when 
the  system  background  pressure  is  high  enough  (i.e.,  equal  to 
or  greater  than  =3  x  10' 5  Torr  in  the  present  case). 
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The  conversion  of  BaF2  thin  films  to  BaO  during  deposition  in  an  oxidizing  ambient  was  investigated  as  a  first  step  towards 
the  in  situ  growth  of  superconducting  thin  films  of  YBa^UjO,  from  Y,  Cu,  and  BaF2  source  materials.  This  conversion  was 
found  to  occur  at  a  temperature  of  800°C  when  BaF2  was  evaporated  in  a  partial  pressure  of  H20.  The  observed  conversion 
temperature  agrees  well  with  an  equilibrium  thermodynamic  model.  Methods  to  reduce  the  growth  temperature  to  the  600- 
700°C  range  are  proposed. 


La  conversion  de  couches  minces  de  BaF2  en  BaO,  au  cours  de  la  deposition  d’un  oxydant  ambiant,  a  £t£  6tudi£e,  comme 
premiere  dtape  pour  r£aliser  la  croissance  in  situ  de  couches  minces  supraconductrices  de  YBa2Cu30JI,  k  partir  des  ingredients 
Y,  Cu  et  BaF2.  On  trouve  que  cette  conversion  se  produit  &  une  temperature  de  800°C  lorsque  BaF2  est  evapore  sous  une 
pression  partielle  de  H20.  La  temperature  de  conversion  observee  s’accorde  bien  avec  un  module  d’equilibre  thermodynamique. 
On  propose  des  methodes  pour  ramener  la  temperature  de  croissance  dans  l’intervalle  600-700°C. 

[Traduit  par  la  redaction] 
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1.  Introduction 

Following  the  discovery  of  high-temperature  superconduc¬ 
tivity  by  Bednorz  and  Muller  (1)  and  the  subsequent  discovery 
by  Chu  et  al.  (2)  of  the  superconductivity  of  YBajCUjO  with 
a  transition  temperature  greater  than  90  K,  there  has  been  great 
interest  in  making  superconducting  thin  films  for  use  in  study¬ 
ing  the  nature  of  superconductivity  and  for  making  supercon¬ 
ducting  devices.  A  number  of  techniques  have  been  widely  used 
to  make  films,  including  sputtering  (3),  electron-beam  evapo¬ 
ration  (4),  and  laser  ablation  (5). 

Good  control  over  the  stoichiometry  is  essential  for  growth 
of  high-quality  films.  In  films  codeposited  from  multiple  source 
to  achieve  the  correct  stoichiometry,  it  is  important  to  have 
stable  and  controllable  evaporation  rates.  Elemental  Ba  and 
BaO  that  react  readily  with  02  and  H20,  respectively,  in  the 
ambient,  are  inconsistent  in  their  evaporation  behavior.  In  con¬ 
trast  BaF2,  which  is  ineit  in  air,  is  very  easy  to  evaporate  and 
provides  a  relatively  stable  evaporation  rate.  Mankiewich  et  al. 
(6)  showed  that  the  use  of  BaF2  as  the  Ba  source  provided  a 
much  improved  reproducible  method  for  YBajCUjO,  thin-film 
fabrication.  They  also  found  that  more  robust  samples  could  be 
made  by  coevaporation  starting  with  Y,  Cu,  and  BaF2.  Vasquez 
et  al.  (7)  reported  that  the  sensitivity  of  the  YBa2Cu30JC  films 
in  the  air  was  reduced  by  the  formation  of  an  oxyfluoride  on 
the  film  surface.  In  addition,  films  made  using  this  technique 
were  found  to  have  higher  critical  current  densities. 

As-deposited  coevaporated  films  are  normally  amorphous 
and  insulating,  and  require  post-deposition  annealing.  For  films 
made  by  evaporation  with  BaF2  as  the  source  of  Ba,  a  two-step 
annealing  process  is  typically  needed:  a  high-temperature  anneal 
at  about  850°C  in  the  presence  of  oxygen  and  water  vapour 
converts  the  fluoride  to  oxide,  followed  by  a  low-temperature 
anneal  at  about  400°C  in  pure  oxygen,  which  forms  the  super¬ 
conducting  phase. 

In  electronic  applications  where  multilayered  structures  are 
required,  the  high-temperature  anneal  can  cause  problems  with 


interdiffusion  between  the  superconductor  film  and  the  under¬ 
lying  material,  and  cracking  of  the  films  due  to  differential  ther¬ 
mal  expansion.  Also,  superconducting  junction  devices  require 
abrupt  interfaces.  For  these  reasons,  it  is  desirable  to  eliminate 
the  high-temperature  anneal,  or  as  a  minimum,  reduce  the 
annealing  temperature.  The  film-processing  temperature  should 
be  as  low  as  possible  while  still  allowing  the  YBa^UjO,  film 
to  crystallize  and  oxidize  (8).  It  has  been  shown  by  Berkley 
et  al.  (9)  using  the  electron-beam  coevaporation  technique  that 
one  can  form  YBa2Cu30J  superconducting  films  in  situ  at  a 
temperature  of  600°C  by  introducing  atomic  oxygen  into  the 
deposition  chamber  during  the  growth  process. 

We  investigated  the  possibility  of  combining  the  advantages 
of  the  BaF2  source  material  with  that  of  in  situ  growth  of  the 
superconductor.  To  do  this,  we  studied  the  conditions  for  the 
in  situ  conversion  of  BaF2  to  BaO.  This  work  is  discussed  in 
the  remainder  of  this  paper,  which  is  divided  as  follows:  Sect.  2 
describes  how  the  films  were  made  and  the  results  of  these 
measurements,  Sect.  3  presents  a  model  that  accounts  for  the 
results,  and  Sect.  4  is  a  discussion  of  the  results. 

2.  Film-growth  procedure 

The  thin-film  samples  were  made  in  a  commercial  Varian/ 
NRC  3117  evaporator  system  equipped  with  two  Airco-Temes- 
cal  electron-beam  guns,  one  resistively  heated  boat,  a  resis- 
tively  heated  substrate  block,  a  flow-type  rf  discharge  gas 
source,  and  three  quartz-crystal  deposition-rate  monitors  (see 
Fig.  1).  Cu  and  Y  were  evaporated  by  means  of  the  electron- 
beam  guns,  and  BaF2  by  means  of  the  resistively  heated  boat. 

Single  crystal  MgO  (100)  substrates  were  mounted  on  a 
heated  copper  block  34  cm  above  the  centre  of  the  three  evap¬ 
oration  sources.  The  substrates  were  tightly  pressed  against  the 
block  by  means  of  a  stainless  steel  holder.  The  copper  block 
could  be  heated  to  above  850°C  using  four  150  W  cartridge 
heaters  that  were  imbedded  within  it.  The  temperature  of  the 
block  was  measured  with  an  iron-constantan  thermocouple. 
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The  flow-type  rf  discharge  gas  source  made  it  possible  to 
introduce  gases  or  a  plasma  into  the  vicinity  of  the  substrates 
during  the  evaporation.  The  flow  rate  of  gas  into  the  chamber 
was  controlled  with  a  Granville-Pnillips  leak  valve.  When 
desired,  a  helical  resonantor  inside  the  vacuum  chamber  driven 
at  50  MHz  by  a  50  W  power  amplifier  produced  a  plasma  dis¬ 
charge  in  the  inlet  gas,  just  before  it  entered  the  chamber. 

The  evaporation  rate  of  each  source  material  was  monitored 
separately  by  means  of  three  quartz-crystal  thickness  monitors, 
each  mounted  directly  above  one  of  the  sources.  Crosstalk 
betwen  the  three  sources  was  almost  entirely  eliminated  through 
the  use  of  7.5  cm  long  by  2.5  cm  diameter  stainless  steel  shield 
tubes,  as  shown  in  Fig.  1 .  The  evaporation  rate  of  each  material 
was  controlled  with  feedback  from  the  monitors  to  the  evapo¬ 
ration  sources. 


The  stoichiometry  of  coevaporated  films  was  measured  by 
comparing  the  composition  of  the  evaporated  film  with  that  of 
a  ceramic  sample  of  known  composition  using  energy  disper¬ 
sive  X-ray  analysis.  The  desired  1:2:3  ratio  was  produced  by 
appropriately  adjusting  the  evaporation  rates  with  an  accuracy 
of  4%  for  each  of  the  components. 

For  the  studies  of  the  in  situ  conversion  of  BaF2  to  BaO, 
BaF2  was  evaporated  from  a  tantalum  boat  onto  a  MgO  (100) 
substrate.  H20  vapour  was  introduced  during  the  deposition  to 
give  a  background  pressure  of  1.5  x  10-5  Torr  (1  Torr  = 
133.3  Pa)  (the  base  pressure  in  the  system  was  10-6Torr).  The 
partial  pressure  of  H20  in  front  of  the  substrate  was  estimated 
to  be  1  x  10-4  Torr  from  the  size  of  the  gas  inlet  orfice,  its 
distance  from  the  substrate,  the  pressure  rise  and  volume  of  the 
vacuum  system,  and  its  pumping  speed  (10).  Films  0.5  p.m 
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Fig.  2.  The  temperature  dependence  of  the  resistance  of  the  best 
codeposited  YBa^UjO,  film. 
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thick  were  deposited  at  a  rate  of  1.0  A  s_1  (1  A  =  10" 10  m). 
The  substrate  was  heated  to  determine  the  effect  of  temperature 
on  the  conversion.  Once  the  conditions  for  the  in  situ  conver¬ 
sion  of  BaF2  to  BaO  were  established,  coevaporated  films  of 
YBajCujO,  1  (xm  thick  were  deposited. 

As  a  check  on  our  ability  to  make  superconducting  films, 
YBa2Cu30,  was  deposited  by  sequential  evaporation  and  also 
by  coevaporation  of  Y,  Cu,  and  BaF2.  The  1  pun  thick  films 
were  annealed  in  a  furnace  after  deposition  in  wet  02  at  850°C 
followed  by  dry  02  at  400°C.  As  shown  in  Fig.  2,  the  best  film 
had  an  onset  temperature  of  87  K  and  zero  resistance  at  53  K. 
The  broad  transition  is  believed  to  be  due  to  deviations  in  the 
stoichiometry  from  the  ideal  ratio. 

A  number  of  BaF2  films  were  produced  by  evaporation  in  a 
background  pressure  of  water  vapour  with  the  substrate  heated 
to  between  600  and  850°C.  The  BaF2  and  BaO  content  of  the 
deposited  films  was  measured  using  powder  X-ray  diffraction. 

The  powder  diffraction  patterns  of  the  as-deposited  BaF2 
films  over  the  temperature  range  775-850°C  are  shown  in 
Fig.  3.  Also  shown  in  Fig.  3,  are  the  powder  diffraction 
patterns  of  BaF2  and  BaO  for  reference.  BaO  has  a  relatively 
complex  diffraction  pattern  due  to  the  existance  of  many 
hydrated  forms  of  BaO.  The  conversion  of  BaF2  to  BaO,  as  the 
temperature  increases,  can  be  clearly  seen.  Although  the  peak 
intensities  in  the  powder  diffraction  patterns  are  not  useful  for 
a  quantitative  determination  of  the  relative  concentration  of 
BaF2  and  BaO  owing  to  the  strong  orientation  dependence  of 
the  intensities,  they  can  provide  a  qualitative  picture  of  the 
extent  of  conversion.  We  define  the  approximate  BaO  concen¬ 
tration  as, 


where  /„ 


an  "F 


are  the  highest  peak  intensities 


corresponding  to  BaO  and  BaF2,  respectively,  in  the  film  pow¬ 
der  diffraction  patterns. 

Figure  4  is  a  plot  of  the  measured  BaO  concentration,  as 
defined  above,  versus  the  temperature  at  which  the  films  were 
deposited.  The  composition  of  the  as-deposited  films  changes 
from  BaF,  to  BaO  at  around  800°C,  The  actual  surface  tem- 


f  820  c 


f  8S0°C 


r  BaO  Powder 


15  20  25  30  35  38 


20  (deg) 


Fig.  3.  X-ray  diffraction  patterns  for  a  series  of  films  made  by  evap¬ 
oration  of  BaF2  in  H20  vapour,  on  substrates  heated  to  the  indicated 
temperatures.  The  X-ray  diffraction  patterns  of  BaF2  and  BaO  powders 
are  shown  for  reference. 


perature  of  the  substrate  is  expected  to  be  lower  than  the  meas¬ 
ured  temperature  of  the  heated  block  owing  to  radiative  cooling 
of  the  substrate  and  imperfect  thermal  contact  between  the  sub¬ 
strate  and  block.  The  fact  that  similar  data  were  obtained  at  805 
and  820°C  suggests  that  the  reproducibility  of  the  substrate  tem¬ 
perature  was  approximately  15°C. 

To  study  the  effect  on  the  oxidation  of  BaF2  of  different  oxy¬ 
gen-containing  gases  and  of  dissociating  the  gas  with  a  plasma 
discharge,  we  deposited  BaF2  films  under  the  same  conditions 
as  above,  but  with  H20  vapour  replaced  by  (i)  H20  vapour  + 
02,  (ii)  02  plasma,  and  (iii)  H20  plasma.  No  reduction  in  the 
temperature  of  the  BaO  conversion  was  found  with  the  plasma 
discharge;  02  was  found  to  be  less  effective  than  H20. 
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Fic.  4.  BaO  concentration  as  a  function  of  substrate  temperature 
showing  both  the  experimental  results  as  well  as  the  predictions  of  an 
equilibrium  thermodynamic  model. 


3.  Thermodynamic  model  of  the  conversion  of  BaF2  to 
BaO 

The  BaO  concentration  in  the  Him  as  a  function  of  the  sub¬ 
strate  temperature  can  be  calculated  in  an  equilibrium  ther¬ 
modynamic  model  as  follows.  The  overall  reaction  taking  place 
during  the  film  deposition  process  is 

[1]  BaF2(j)  +  H2O  (g)  =  BaO(s)  +  2HF{g) 

The  direction  of  the  reaction  is  determined  by  the  concen¬ 
trations  of  reactants  and  products,  the  temperature,  and  the 
pressures  of  the  gases.  Entropy  favors  the  forward  reaction, 
enthalpy  the  reverse  reaction.  The  equilibrium  concentrations 
can  be  obtained  by  minimizing  the  total  free  energy  as  a  func¬ 
tion  of  temperature.  The  equilibrium  approximation  is  valid 
when  the  deposition  rate  of  BaF2  is  much  slower  than  the  reac¬ 
tion  rates  in  both  directions.  The  total  Gibbs  free  energy  of  the 
system  can  be  written  as 


where  $B,0,  sB,Fj,  $HF,  and  stand  for  entropies  of  BaO, 
BaF2,  HF,  and  H20  molecules.  SMte  is  the  entropy  due  to  the 
occupation  of  the  surface  sites  by  F2  or  O.  Therefore, 


where  nQ  =  xBtQN  and  «F  =  (1  -  xBM)N  are  the  numbers 
of  surface  sites  occupied  by  oxygen  and  fluorine,  respectively; 
k  is  the  Boltzmann  constant. 

Minimizing  the  total  free  energy  with  respect  to  xBlQ,  one 
has 


Note  that  hHF  and  hH  0  are  dependent  on  the  partial  pressures 


PHF  and  Pup,  respectively, 


[7]  hw  =  h°+ kT\n 


(r)-* 


+  WlnSPF 


=  hln  +  Win 


‘H,0  —  “H,0 


fe) 


“  ^h2o  +  KT  In 

where  /i„F  and  0  are  standard  enthalpies  at  1  atm.  2P  = 
P  2 

- —  denotes  the  dimensionless  pressure  normalized  by  Pum. 

'atm 

Since  the  HF  pressure  in  steady  state  is  proportional  to  the  rate 
at  which  BaF2  is  converted  to  BaO, 

[9]  Fhf  «  2AfxBl0 


[2]  Gtoul  =  2  h,-T  2 

i  J 

where  ^  is  the  total  enthalpy  and  is  the  total  entropy 
i  j 

of  the  system  summed  over  all  the  reactants  and  products. 

We  assume  for  simplicity  that  there  are  N  sites  on  the  surface 
of  the  film  and  that  each  site  is  occupied  either  by  two  fluorines 
or  by  one  oxygen.  Therefore, 

[3]  2  hj  —  NxBmQ  hBtQ  +  N  (1  —  xB>0)  hBtp2 

+  2NxBiQ  hHF  +  [N  —  NxBtQ]  h^Q 

where  jrBa0  is  the  BaO  concentration  and  ht  denotes  the  enthalpy 
of  the  i'th  material.  Because  H20  vapour  was  constantly  sup¬ 
plied  during  the  deposition  process,  N'  is  an  independant 
constant. 

The  total  entropy  can  similarly  be  written  as, 

[4]  2  sj  =  NxBtQ  sBt0  +  N  (1  —  xBt0)  sBtF 

j  1 

+  2 NxBt0  sHF  +  [N1  —  AfxBa0]  jH2q  +  Ssl[e 


and 

HO]  Ph2o  *  W  -  NxBtQ) 
Then  we  have, 


[11] 


dAHF  _  kT 

^BaO  ^BaO 


and 


Putting  [2]— [6]  together  and  using  the  approximation  In  N\ 
-  N  In  N  -  N,  we  obtain, 

(■Xflao  \ 

1 -  =  o 

1  *BaO/ 

where 
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[14]  A  h  -  hBt0  +  Ihijp  Ab,f2  hHp 
and 

[15]  A  s  -  sBt0  +  2shf  —  sBtp2  - 
Immediately  from  [13],  we  have 


exp(^-1)exp-(^) 

1  +  e5p(i£-,)esp(_^) 

exp  (t~  ~  ‘) exp  (~7f) 

1  +  exp  (tt  -  ')  exp  ( ~w) 


where  A  H  =  NA  Ah,  AS0  =  NA  A s  and  NA  is  Avogadro’s 
constant.  A H  can  be  expressed  as  (11), 


[17]  AH  =  AH0  +  /?Tln 


where  SPHF  and  0>H  0  are  partial  pressures  of  HF  and  H20 
normalized  by  Patm  mid 

[18]  A H°  =  A///b,0  +  2  AfHm  —  Af  WB,p2  —  A^//,,^ 

[19]  A  5°  =  SBa0  +  2  Shf  “  ^BtFj  ~ 

The  A/fl°’s  and  S°’s  appearing  on  the  right-hand  side  of  [18] 
and  [19]  are  the  enthalpies  of  formation  and  the  entropies  of 
the  individual  compounds.  Values  of  these  quantities  at  1  atm 
and  a  range  of  temperatures  are  available  from  standard 
references;  see,  for  example,  ref.  12.  Because  of  the  weak  tem¬ 
perature  dependence  of  A H°  and  A 5°  and  also  because  the 
experiments  took  place  at  a  1000  K  temperature  range  the  val¬ 
ues  of  A/W°  and  S°  at  1000  K  were  used  in  the  calculations. 
Thus,  we  have, 


From  the  above  information,  the  equilibrium  curves  for  dif¬ 
ferent  values  of  the  S^c/^hf  rat*°  *n  *b»o  -  ^  sPace  were 
obtained  and  are  plotted  in  Fig.  5.  The  partial  pressure  of  the 
reaction  product  HF  just  in  front  of  the  film,  which  depends  on 
the  heated  area  exposed  to  the  BaF2,  on  the  substrate-holding 
block,  and  on  the  BaF2  deposition  rate  was  estimated  to  be  1  x 
10“6  Torr  from  the  residence  time  of  a  HF  molecule  in  the 
system,  which  is  known  from  the  volume  and  pumping  speed 
of  the  vacuum  system  (10).  It  follows  that  the  ratio  S^c/^hf 
is  about  1  x  10".  The  heated  area  exposed  to  the  BaF2  was 
about  2  x  10" 3  m2.  The  solid  line  in  Fig.  5  shows  the  equi¬ 
librium  xB,0  -  T  curve  with  S^c/^hf  =  1  x  10",  which 
represents  the  experimental  conditions  in  the  film  preparation. 
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Fig.  5 .  BaO  concentration  as  a  function  of  temperature,  as  predicted 
by  the  equilibrium  thermodynamic  model  for  conversion  of  BaF2  to 
BaO  in  the  presence  c;  il20.  The  solid  line  corresponds  to  the  ratio 
®hc/®hf~  1  x  10"  that  represents  the  experimental  conditions  in 
the  film  deposition.  A  ratio  of  1  x  1014  moves  the  transition  down  to 
the  600°C  range. 


4.  Discussion  of  results 

Conversion  of  BaF2  to  BaO  is  essential  for  the  in  situ  growth 
of  YBajCUjO,  films  with  BaF2  as  the  Ba  source.  For  this  work 
to  be  applicable  to  the  growth  of  high-7^  superconductors,  we 
assume  that  the  presence  of  the  Y  and  Cu  atoms  does  not  effect 
the  oxidation  of  the  fluoride,  such  as  might  result  from  a  cat¬ 
alytic  effect.  Experimentally  we  find  that  the  substrate  must  be 
heated  to  about  800°C  for  the  conversion  of  BaF2  to  BaO  to 
occur  in  the  presence  of  H20  during  the  deposition  process.  As 
shown  in  Fig.  4,  the  observed  conversion  temperature  agrees 
well  with  our  equilibrium  thermodynamic  model.  This  suggests 
that  equilibrium  has  been  achieved  with  the  H20  vapour.  There¬ 
fore,  a  plasma  is  not  likely  to  improve  the  conversion  of  BaF2 
to  BaO  because  the  primary  effect  of  the  plasma  is  expected  to 
be  to  facilitate  the  achievement  of  equilibrium  by  breaking  down 
activation  barriers.  As  shown  above,  equilibrium  is  already 
achieved  in  the  absence  of  the  plasma.  This  is  consistent  with 
the  fact  that  the  observed  conversion  temperature  was  not 
affected  by  the  presence  of  the  H20  plasma. 

The  experiments  were  also  conducted  with  a  film  deposition 
rate  of  5 .0  A  s  ~ 1 .  No  significant  conversion  of  BaF2  was  found 
at  substrate  temperatures  of  up  to  850°C.  This  result  is  consis¬ 
tent  with  the  theory  in  that  higher  deposition  rates  increase  the 
HF  partial  pressure,  which  in  turn  increases  the  conversion  tem¬ 
perature.  The  experiments  were  not  conducted  with  deposition 
rates  lower  than  about  1 .0  A  s~ 1 . 

As  mentioned  previously,  neither  the  H20  vapour  +  02  nor 
the  02  plasma  had  any  beneficial  effect  on  the  conversion.  This 
result  can  be  explained  with  a  similar  equilibrium  thermody¬ 
namic  analysis  except  with  the  reaction 

BaF2  +  ^02  =  BaO  +  F2 

It  has  been  reported  by  Garzon  et  al.  (13)  that  there  was  neg¬ 
ligible  oxidation  of  the  BaF2  in  YBa2Cu,0^  films  made  with 
BaF2  as  the  Ba  source  after  a  post-deposition  anneal  carried  out 
at  850°C  in  dry  oxygen. 
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An  attempt  was  made  to  grow  a  codeposited  YBa2Cu30^  film 
at  800°C  in  water  vapour.  The  resulting  film  was  transparent 
even  though  according  to  the  thickness  monitors  the  final  thick¬ 
ness  of  the  film  was  1  p.m.  It  appears  that  this  temperature  is 
too  high  for  the  growth  of  YBa2Cu3Ox  films,  presumeably 
because  the  copper  re-evaporates  (Cu  has  a  vapour  pressure  of 
10~6  Torr  at  850°C  and  CuO  has  a  vapour  pressure  of  10~4 
Torr  at  600°C).  According  to  the  model  discussed  earlier,  the 
growth  temperature  (which  is  determined  by  the  need  for  BaF2 
to  BaO  conversion)  could  be  decreased  by  increasing  the  ratio 
of  2Ph,c/^hf-  As  shown  in  Fig.  5,  a  ratio  of  1014  would  reduce 
the  growth  temperature  to  the  600°C  range.  The  maximum 
allowable  pressure  of  the  H20  vapour  is  limited  to  about  10-4 
Torr  by  the  requirement  that  the  evaporated  molecules  and  the 
electrons  in  the  electron-beam  gun  have  a  long  mean  free  path, 
however,  the  partial  pressure  of  HF  could  be  reduced  by  adding 
an  HF  getter  (such  as  quartz  wool)  to  the  film-growth  environ¬ 
ment,  or  by  reducing  the  heated  area  exposed  to  BaF2  that  gen¬ 
erates  the  HF. 

If  the  process  studied  is  to  be  used  in  the  in  situ  growth  of 
YBa^UjO,  superconductor  thin  films,  the  question  arises  as  to 
whether  water  vapour  would  oxidize  the  copper  as  well  as  the 
BaF2  at  600°C.  Applying  the  same  model  as  was  used  to  explain 
the  oxidation  of  BaF2,  we  surmise  that  water  vapour  should 
also  oxidize  the  copper. 

In  conclusion,  we  have  investigated  the  conditions  for  the 
in  situ  oxidation  of  BaF2  in  a  reactive  evaporation  in  H20 
vapour,  both  experimentally  and  theoretically.  This  in  situ  con¬ 
version  temperature  of  BaF2  was  found  to  be  in  agreement  with 
an  equilibrium  thermodynamic  model.  The  model  suggests  that 
the  conversion  temperature  could  be  reduced  by  reducing  the 
partial  pressure  of  HF,  which  provides  a  possibility  for  low 
temperature  in  situ  growth  of  YBajCUjO,  superconductor  thin 
films  with  BaF2  as  die  Ba  source. 
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A  neutron  diffraction  study  of  the  crystal  structure  of  (NH4)2TeCI5  is  presented.  The  data  support  a  previous  contention  that 
this  crystal  undergoes  a  ferrorotative  structural  phase  transition  at  85  K,  from  a  cubic  structure  with  space  group  Oh*  to  a 
trigonal  structure  with  space  group  C3,2.  The  primaiy-order  parameter  is  the  rotation  angle,  <t>,  of  the  TeCl6  octahedra  about 
a  [  1 1 1  ]  axis  of  the  cubic  phase .  The  data  indicate  that  the  temperature  dependence  of  4>  is  non- mean-field  like  over  an  extended 
reduced  temperature  range. 


On  a  prdsentd  une  Itude  par  diffraction  des  neutrons  de  la  structure  cristalline  de  (NH4)2  TeCl6.  Les  donndes  confirment 
1' affirmation  antdrieure  que  ce  cristal  subit  une  transition  de  phase  structurale  k  85  K,  passant  d’une  structure  cubique  avec 
groupe  spatial  Ohs  &  une  structure  trigonale  avec  groupe  spatial  C3i2.  Le  paramdtre  d’ordre  primaire  est  Tangle  de  rotation,  <1>, 
de  Toctaddre  TeCl6  autour  d’un  axe  [1 1 1]  de  la  phase  cubique.  Les  donndes  indiquent  que  la  ddpendance  de  la  temperature, 
pour  Tangle  <J>,  n’est  pas  selon  la  thdorie  du  champ  moyen  pour  un  intervalle  dtendu  de  temperature  rdduite. 

[Traduit  par  la  rddaction] 
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1,  Introduction 

Structural  phase  transitions  driven  by  the  softening  of  the 
longitudinal  rotary  lattice  mode  in  cubic  A2MX6  compounds 
are  known  to  occur  in  a  number  of  cases.  The  structural  alter¬ 
ation  involves  the  static  rotation  of  the  (MX6)2 "  octahedral  ions; 
the  rotation  angle  4>  of  these  ions  relative  to  their  equilibrium 
orientation  in  the  cubic  phase  is  the  primary-order  parameter. 
Transitions  associated  with  the  Tlg  (O  mode  involve  in-plane 
ferrorotations  of  the  (MXfi)2~  octahedral  ions  so  that  the  unit¬ 
cell  size  remains  unchanged.  Examples  of  this  type  of  rotational 
displacive  transition  have  been  reported  in  which  the  static  rota¬ 
tion  occurs  about  the  four-fold  axis  (1,2)  and  about  the  three¬ 
fold  axis  (3)  of  the  (MX6)2~  ions.  In  the  former  case,  as  occurs 
in  K20sCl6,  the  single-line  chlorine  nuclear  quadrupole  reso¬ 
nance  (NQR)  spectrum  of  the  cubic,  Oh 5,  phase  splits  into  two 
components  with  intensity  ratio  2:1  in  the  tetragonal,  C4/l5, 
phase  below  TQ.  The  associated  structural  changes  were  iden¬ 
tified  by  neutron  diffraction  methods  (1).  In  the  latter  case,  as 
occurs  in  (NH4)2PbCl6,  the  chlorine  NQR  spectrum  consists  of 
a  single  line  both  in  the  cubic,  Oh5,  phase  and  in  the  trigonal, 
C3|2,  phase  below  Tc;  the  temperature  dependence  of  the  line 
exhibits  a  cusp  in  the  vicinity  of  TQ  (4, 5).  Again,  the  associated 
structural  changes  were  measured  by  neutron  diffraction  (3). 

The  chlorine  NQR  spectrum  of  the  compound  (NH4)2TeCl6 
behaves  in  a  similar  fashion  (4,  5)  to  that  in  (NH4)2PbCl6  and 
the  behaviour  cannot  be  explained  by  a  change  in  the  nature  of 
the  rotational  motion  of  the  (NH4) +  ions.  In  this  paper  we  report 
neutron  diffraction  measurements  made  on  a  sample  of 
(NH4)2TeCl6.  These  measurements  were  undertaken  to  deter¬ 
mine  whether  or  not  a  structural  phase  transition  occurs  in  the 
vicinity  of  85  K  and  if  so  to  obtain  the  space  group  of  the  low- 
temperature  phase  and  the  temperature  dependence  of  the  pri¬ 
mary-order  parameter  for  the  transition. 


‘Present  address:  Department  of  Physics,  University  of  New  Bruns¬ 
wick,  Fredericton,  N.B.,  Canada  E3B  5A3. 


2.  Experimental 

The  sample  of  (NH4)2TeCl6  was  provided  by  Professor  J, 
Pelzl  of  Ruhr  Universitat,  Bochum,  Federal  Republic  of 
Germany.  The  neutron  powder  diffraction  patterns  were  meas¬ 
ured  with  the  E3  spectrometer  using  a  30  element  detector  at 
the  NRU  reactor,  Chalk  River,  the  sample,  enclosed  in  a  thin- 
walled  vanadium  can  0.5  cm  in  diameter,  was  mounted  in  a 
variable  temperature  cryostat.  The  monochromator  was  Si(l  15) 
and  the  neutron  wavelength  was  1.4814  A  (1  A  =  10" 10  m). 
The  collimation  before  the  sample  was  0.3°.  The  effective  col- 
imation  following  the  sample  is  determined  by  the  sample  and 
detector  diameters  and  their  separation.  In  our  experiment  it 
has  the  value  0.2°.  To  minimize  possible  effects  due  to  finite 
crystalline  grain  size  the  cryostat  was  rotated  continuously 
throughout  the  experiment.  The  intensity  of  the  scattered  neu¬ 
trons  was  measured  as  a  function  of  scattering  angle,  20,  at 
intervals  of  0.05°  over  the  range  5°  20  =£  120°.  Measure¬ 

ments  were  made  at  10  temperatures  between  12  and  100  K. 
The  experimental  results  obtained  at  100  and  at  20  K  are  shown 
by  the  dots  in  Fig.  1 . 

The  diffraction  profiles  were  analyzed  by  the  profile-re¬ 
finement  technique  developed  by  Rietveld  (6),  as  modified  by 
Pawley  (7)  to  allow  additional  constraints  to  be  imposed;  in  this 
case,  for  example,  that  bond  lengths  within  a  (TeCl6)2-  octa¬ 
hedron  must  be  equal.  A  set  of  programs  (8),  previously  written 
to  facilitate  the  specification  of  crystal  structures  relative  to  the 
cubic  structure,  was  used.  The  three  width  parameters  U,  V, 
and  W,  and  the  asymmetry  parameter  P  were  used  to  describe 
the  angle-dependent  width  and  asymmetry  of  the  Debye- 
Scherrer  peaks.  These  parameters  were  determined  by  fitting 
to  the  100  K  profile  and  the  values  obtained  were  used  for  all 
other  profiles.  The  background  was  represented  by  a  cubic 
spline  function  fitted  to  the  observed  background  counts  at  more 
or  less  regular  intervals  across  the  spectra.  The  fitted  structural 
parameters  were  derived  by  minimizing  the  quantity 
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(a) 


(b) 


Fig.  2.  Two  static  models  for  the  orientation  of  ine  (NH4)+  ions  relative  to  the  (TeCl6)3~  ions:  orientation  parameter  (a),  (2  =  0;  ( b ), 
(2=1. 


Of*  -  yfc)2 


where  y°b‘  (y'**c)  are  the  observed  (calculated)  counts  at  scat¬ 
tering  angle  20,,  N  is  the  total  number  of  data  points,  and  n  is 
the  number  of  adjustable  parameters  in  the  model.  The  coherent 
neutron  scattering  lengths,  in  units  of  10" 12  cm,  are  (9)  -0.374 
for  H,  0.936  for  N,  0.543  for  Te,  and  0.958  for  Cl. 

The  cubic  high-temperature  phase  of  (NH4)2TeCl6  has  space 
group  Ohs.  The  diffraction  data  taken  at  100  and  88  K  were 
fitted  to  a  model  having  this  symmetry.  The  structural  param¬ 
eters  are  the  lattice  constant,  a,  the  bond  length  Te — Cl  =  r, 
and  four  Debye-Waller  factors  <  h(NH4)2  >,  <  u(TeCl6)2  >, 
<  0(NH4)2  >,  and  <  8(TeCl6)2  >.  The  Debye-Waller  fac¬ 
tors  describe  the  mean-square  amplitudes  of  the  translational 
and  rotational  thermal  molecular  motions.  The  N — H  bond 
length  was  fixed  at  the  value  0.95  A  since  the  strong  correlation 
between  this  bond  length  and  the  mean-square  angular  displace¬ 
ment  of  the  (NH4)+  ion  precluded  their  separate  determination. 

Various  possibilities  were  considered  for  the  orientation  of 
the  (NH4)+  ions.  The  eight  protons  occupy  Wyckoff /sites  of 
the  space  group  O*.  Two  static  models,  A  and  B,  correspond 
to  the  protons  pointing  towards,  or  away  from,  the  nearest- 
neighbour  chlorines,  respectively.  Figure  2  is  a  sketch  of  the 
relative  orientation  of  the  (NH4)+  tetrahedra  and  (TeCl6)2- 
octahedra  for  these  two  static  models.  Nine  other  intermediate 
orientations  were  also  selected.  An  orientation  parameter  Q  was 
introduced  such  that,  in  the  limit  of  Q  =  0,  model  A  applies, 
and  in  the  limit  of  Q  =  1 ,  model  B  applies.  Intermediate  values 
of  Q  correspond  to  linear  combinations  of  models  A  and  B;  Q 
=  0.5  represents  a  dynamic  model  in  which  the  (NH4)+  ions 
are  hopping  between  the  two  static  orientations  and  spending 
equal  amounts  of  time  in  each.  The  resulting  x2  values  for  the 
best  fits  for  each  of  1 1  values  of  Q  for  the  data  at  both  88  and 
100  K  are  shown  in  Fig.  3.  It  is  seen  that  three  minima  occur 
for  the  Q  values  0,  0.5,  and  1  and  that  the  overall  best  fit  cor¬ 
responds  to  Q  =  1 ;  i.e. ,  the  static  model  with  the  protons  point¬ 
ing  away  from  the  nearest-neighbour  chlorines.  This  preferred 
orientation  agrees  with  previous  determinations  for  (NH4)2 
Pt3r6(8),(NH4)2PbCl6(3). 


Fig,  3,  Plot  of  x2  as  a  function  of  the  orientation  parameter  Q. 


Figure  1  shows  a  comparison  of  the  observed  (dots)  and  fitted 
(solid  line)  profiles  together  with  the  difference  (y,*10  -  y”bs) 
for  the  100  and  20  K  data.  At  100  K  the  value  of  x2  is  7.5.  A 
measure  of  fit  more  familiar  to  crystallographers  is  the  R  value 
defined  as 


ioo  x 

This  value  should  be  compared  with  /?exp,  the  value  expected 
from  statistical  errors  alone 

=  (N  -  n)1'2 

"P~  Ltf* 

For  the  fit  to  the  100  K  profile  Rp  =  2.5  while  Rtxp  =  1.4. 
The  apparent  fit  as  seen  “by  eye”  is  quite  satisfactory.  The 
structural  parameters  for  the  fits  at  100  and  88  K  are  listed  in 
Table  1 .  In  all  cases  the  parameters  decrease  with  temperature 
as  expected,  although  with  the  exception  of  the  lattice  constant 
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Table  1.  Structural  parameters  for  the  0*  model  used  above  Tc 


100  K  88  K 


X 

7.5 

7.3 

Rp 

2.5 

2.5 

1.4 

1.4 

a  (A) 

10.0866  ±  0.0003 

10.08 16  ±0.0003 

r(  A) 

2.524  ±0.003 

2.524  ±0.003 

<  i;(NH4):  >  (A2) 

0.0178  ±0.0017 

0.0173  ±0.0016 

<  0(NH4)2  >  (deg2) 

304  ±20 

300  ±19 

<  u(TeCl6)2  >  (A2) 

0.0022  ±0.0015 

0.0018±0.0015 

<  6(TeClt)2  >  (deg2) 

12.4  ±  1.2 

1 1 .7  ±  1.2 

Table  2.  x2  vs.  temperature  for  various  space  groups 

X2 


fK) 

ohs 

c  5 

r  2 

^3  i 

100 

7.5 

88 

7.3 

80 

6.3 

6.3 

6.2 

70 

8.8 

6.9 

6.6 

60 

13.4 

9.3 

6.8 

50 

16.6 

12.0 

7.8 

40 

16.7 

12.1 

6.2 

30 

19.9 

13.2 

7.0 

20 

20.3 

13.3 

5.6 

12 

27.0 

19.6 

8.5 

the  changes  are  within  the  experimental  uncertainties.  The 
parameters  are  comparable  with  those  obtained  lor 
(NH4)2PbCl6. 

The  diffraction  data  for  the  eight  temperatures  below  Tc  were 
fitted  to  three  models  with  symmetry  Oh5,  C4h5,  and  C3(2, 
respectively.  Since  no  superlattice  reflections  were  observed 
below  Tq  it  was  assumed  that  the  structural  phase  transition 
involves  a  ferrorotation  of  the  TeCl6  octahedra.  This  is  certainly 
the  most  probable  case.  The  C4hs  model  structure  is  obtained 
by  a  rotation  of  the  octahedra  about  the  four-fold  [001]  sym¬ 
metry  axis;  the  C3l2  model  structure  is  obtained  by  a  rotation 
of  the  octahedra  about  the  three-fold  [111]  symmetry  axis.  The 
X2  values  for  the  best  fits  to  each  model  at  each  temperature  are 
listed  in  Table  2.  It  is  seen  that  only  the  C3l2  model  is  able  to 
account  for  the  data  equally  well  over  the  entire  temperature 
range. 

A  description  in  terms  of  rhombohedral  axes  is  the  more  nat¬ 
ural  one  to  describe  a  trigonal  distortion  along  the  cubic  [111] 
direction,  but  for  greater  convenience  hexagonal  axes  were  used 
to  describe  the  model.  Figure  4  shows  how  the  cubic,  hexag¬ 
onal,  and  rhombohedral  axes  are  related.  Three  extra  parame¬ 
ters  were  necessitated  by  the  lower  symmetry  of  space  group 
C3 /;  the  rotation  angle,  <t>,  of  the  TeCI6  octahedra  about  the 
three-fold  axis  of  the  cubic  lattice,  an  (NH4)  +  ion  displace¬ 
ment,  A,  along  the  same  three-fold  axis  and  a  second  lattice 
parameter,  b.  The  (TeClt)2-  ions  themselves  are  assumed  to 
be  rigid  and  not  to  distort  as  a  result  of  the  phase  transition. 
Tetrahedral  (NH4) +  ions  cannot  be  located  in  a  structure  having 
trigonal  symmetry  without  n.e  possibility  of  a  distortion.  In  the 
crystal  structure  refined,  the  eight  protons  in  the  formula  unit 
are  located  in  the  Wyckoff / and  c  sites  (six  sites  and  two  sites, 
respectively).  However,  the  atomic  coordinates  found  for  the 
protons  show  that  no  significant  distortion  of  the  (NH4)+  ion 


Fig .  4 .  Cubic  axes  [  1 00] ,  [0 1 0] ,  [00 1  ] ;  hexagonal  axes  [  1 1 1  ] ,  [  1 1 0] , 
[Oil];  rhombohedral  axes  [101],  [011],  [110]. 


has  occurred.  The  two  nitrogen  atoms  are  also  in  c  sites,  while 
the  six  chlorine  atoms  are  in  e  sites,  and  the  tellurium  atom  in 
an  a  site. 

Figure  1  shows  the  fitted  (solid  line)  profile  and  the  differ¬ 
ence  spectrum  for  the  20  K  data.  The  value  of  x2  is  5.6;  the  /?p 
value  is  2.8.  The  structural  parameters  for  all  temperatures  are 
listed  in  Table  3.  The  changes  in  the  lattice  parameters  are  con¬ 
sistent  with  thermal  expansion.  The  bond  length,  Te — Cl,  was 
fixed  for  the  final  fits;  for  when  allowed  to  vary,  it  remained 
unchanged  within  experimental  uncertainty.  The  thermal 
parameters  are  qualitatively  reasonable.  The  parameter  A  is 
small  but  statistically  significant;  it  shows  no  measurable  tem¬ 
perature  dependence.  The  most  interesting  parameter  is  the 
rotation  angle,  <J>,  of  the  (TeCl6)2_  octahedral  ion;  it  is  the 
primary-order  parameter  for  the  transition. 

In  Fig.  5,  <1>  is  plotted  as  a  function  of 

— (v) 
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Table  3.  Structural  parameters  for  the  C3(2  model  for  temperatures  T  <  Tc 

T  (K) 

80 

70 

60 

50 

40 

30 

20 

12 

xJ 

6.2 

6.6 

6.8 

7.8 

6.2 

7.0 

5.6 

8.5 

*r 

2.6 

2.5 

3.1 

2.9 

2.9 

3.0 

2.8 

3.1 

1.4 

1.4 

1.6 

1.4 

1.6 

1.6 

1.6 

1.4 

a  (A) 

10.0722 

10.0614 

10.0533 

10.0419 

10.0404 

10.0370 

10.0324 

10.0234 

±0.0012 

±0.0007 

±0.0006 

±0.0006 

±0.0005 

±0.0006 

±0.0005 

±0.0005 

b{  A) 

5.0410 

5.0416 

5.0468 

5.0415 

5.0454 

5.0455 

5.0444 

5.0399 

±0.0003 

±0.0002 

±0.0002 

±0.0002 

±0.0002 

±0.0002 

±0.0002 

±0.0002 

r(  A) 

2.524 

fixed  for  final  fits 

$ (deg) 

1.79 

3.21 

3.34 

3.65 

3.90 

4.26 

4.19 

4.11 

±0.25 

±0.11 

±0.08 

±0.07 

±0.06 

±0.07 

±0.06 

±0.07 

A  (A) 

0.07  ±0.02 

0.08  ±0.02 

0.05  ±0.02 

0.03  ±0.02 

0.05  ±0.02 

0.05  ±0.02 

0.05  ±0.02 

0.03  ±0.02 

0, 

0.012 

0.009 

0.009 

0.008 

0.009 

0.012 

0.010 

0.007 

±0.002 

±0.002 

±0.002 

±0.002 

±0.002 

±0.002 

±0.002 

±0.002 

t>2 

337  ±19 

349  ±20 

328  ±18 

320  ±20 

322  ±16 

283  ±21 

297  ±19 

295  ±20 

03 

0±  0.002 

0±  0.002 

0±  0.002 

0±  0.002 

0±  0.002 

0±  0.002 

0  +  0.002 

0±  0.002 

04 

4.2±  1.5 

5.3  ±1.3 

6.8  ±1.3 

2.3  ±1.5 

3.0±  1.4 

5.3±  1.4 

4.2  ±1.2 

3.3  ±1.5 

Note:  £>,  =  <  h(NH4)2  >  in  A2,  D2  -  <  0(NH4)2  >  in  (deg)2,  Z>3  = ,  <  ufTeCy2  >  in  A2,  and  Dt  =  <  6(TeCl6)2  >  in  (deg)2.  The  hexagonal  lattice 
parameters  of  the  C3,2  phase  are  given  by  r;,  =  31'2  a  and  ah  =  21'2  b. 


The  data  are  well  represented  by  a  straight  line  except  for  the 
largest  values  of  e.  This  analysis  indicates  that  the  primary- 
order  parameter  is  non-mean-field  like  over  an  extended  range 
of  reduced  temperatures.  Although  this  result  is  somewhat  sur¬ 
prising,  it  is  in  agreement  with  the  result  obtained  for  K2OsC16 
from  measurements  of  the  temperature  dependences  of  Bragg 
peaks  in  the  vicinity  of  Tc  for  a  single  crystal  sample  (1). 

3.  Conclusion 

The  neutron  diffraction  data  support  the  postulate  that 
(NH4)2TeCl6  undergoes  a  structural  phase  transition  at  85  K 
from  a  cubic  structure  with  space  group  Ohs  to  a  trigonal  struc¬ 
ture  with  space  group  C3(2.  The  transition  is  ferrorotative  with 
primary-order  parameter  <I>,  the  rotation  angle  of  the  (TeCl6)2_ 
octahedra  about  the  fill]  axis  of  the  cubic  phase.  The  tem¬ 
perature  dependence  of  d>  is  non-mean-field  like  over  an 
extended  reduced  temperature  range.  A  small  lattice  distortion 
and  a  (NH4) +  ion  displacement  along  [111]  also  occur  and  con¬ 
stitute  secondary-order  parameters  for  the  transition. 
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Through  the  use  of  an  approximate  solution  of  Doisson’s  equation,  a  new  scaling  length  has  been  introduced  that  is  appropriate 
to  semiconductor-device  modeling  of  surface  problems  or  step-junction  problems  in  regions  where  the  fixed  charges  are 
dominant. 

En  utilisant  une  solution  approximative  de  liquation  de  Poisson,  on  a  introduit  une  nouvelle  longueur  d’dchelle  qui  est 
appropriate  h  la  mod61isation  par  dispositifs  semiconducteurs  des  probtemes  de  surface  ou  des  problemes  de  jonctions  abruptes 
dans  des  regions  oil  les  charges  fixes  sont  dominantes. 

[Traduit  par  la  redaction] 

Can.  J.  Phys.  69,  142  (1991) 


1.  Introduction 

Scaling  length  is  used  in  device  modeling.  Its  purpose  is  to 
reduce  redundancy  in  a  function  of  position  and  other  inde¬ 
pendent  variables.  Kingston  and  Neustadter  (1)  treated  the 
semiconductor  surface  problem  numerically,  and  chose  the 
intrinsic  Debye  length  LDl  for  distance  normalization  in  plotting 
curves  of  potential  versus  position.  Their  plots  had  families  of 
curves  with  enormous  redundancy.  Jindal  and  Warner  (2)  used 
the  extrinsic  Debye  length  for  normalization,  and  this  removed 
the  redundancy  completely  from  the  potential  solution  all  the 
way  from  the  threshold  plane  to  the  region  of  neutrality.  The 
scaling  length  LJW,  chosen  for  position  normalization,  is  a  func¬ 
tion  of  the  extrinsic  Debye  length  and  bulk  potential.  It  is  used 
to  reduce  redundancy,  specially  for  normalized  bulk  potential 
at  higher  values.  The  extrinsic  Debye  length  is  not  appropriate 
for  scaling  depleted  regions  in  the  vicinity  of  the  pn  junctions 
and  semiconductor  surfaces.  Therefore,  earlier  workers  choose 
a  scaling  length  (Lw)  as  a  complement  to  the  extrinsic  Debye 
length  for  investigating  depleted  regions.  An  analytical  solution 
of  the  Poisson-Boltzmann  equation,  appropriate  to  semicon¬ 
ductor  modeling,  cannot  be  derived  exactly.  Previous  workers 
obtained  either  approximate  analytical  solutions  or  made  exact 


numerical  computations,  although  all  of  these  are  helpful  or 
appropriate  to  certain  fields  of  application  (3).  They  obtained 
approximate  expressions  for  the  potential  as  a  function  of  posi¬ 
tion  in  various  ranges  of  potential.  Subsequently,  others  have 
used  different  methods  of  modeling  the  C-V  profiles  of  high- 
low  junctions  and  heterojunctions,  involving  the  integration  of 
Poisson’s  equation  (4). 

In  this  presentation,  an  alternative  expression  for  scaling 
length  has  been  derived  by  the  use  of  an  approximate  analytical 
solution  of  Poisson’s  equation  (5).  It  replaces  the  extrinsic 
Debye  length  that  is  appropriate  to  the  semiconductor-device 
modeling  of  surface  problems  or  step-junction  problems  in 
regions  where  the  fixed  charges  are  dominant.  The  new  scaling 
length,  thus  obtained,  may  be  useful  for  modeling  pn  junctions, 
and  step-junction  and  MOS  (metal  oxide  semiconductor)  struc¬ 
tures.  Although  the  new  scaling  length  is  approximate,  it  is 
useful  in  different  ranges  of  potential  profiles  under  a  solitary 
boundary  condition  beyond  the  inversion  regime. 

2.  Derivation  of  scaling  length 

The  expression  for  the  normalized  position  from  the  integral 
of  Poisson’s  equation  is  given  by 


m  —  - 1~ 

ld 


\  exp  (U20)  +  exp  ( - 1/20) 

[exp  (U20)  [exp(-W')  +  W'  -  1]  +  exp  ( - 1/20)  {exp  W 


'  -  W’  —  1} 


where  U20  =  normalized  bulk  potential  and  x  =  distance  normal  to  the  plane  of  the  junction. 

The  transformation  relations  among  different  potentials  are  given  by  U20  -  U,  =  W}  =  total  potential  difference,  and 
U2 o  -  U  =  W  =  potential  difference  between  the  remote-end  region  and  that  at  an  arbitrary  point. 

The  integration  of  [1]  cannot  be  performed  analytically  for  all  ranges  of  value  of  W.  From  the  transformation  relations  and  the 
situation  where  the  term  exp  (-W)  may  be  ignored,  one  can  integrate  [1]  analytically  by  a  series  expansion  technique  except  at 
W  =  1  and  Wj  =  1,  where  the  situation  would  introduce  error  (5).  Thus  for  >  W,  also  as  U20  is  large,  [1]  may  be  written  as 


r»  d  w 

w  [(r  -  1)  +  exp  ( -  2  U20)  (exp  W'  -  W  -  1)],/2 
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and  [3]  can  be  written  as 

X  —  <yl/2 


[4]  =  2,n  [(W,  -  l)1'2  -  (W  -  1)1/2]  -  2 ~mI 


where 


" . - dB" 

From  previous  work  (5),  the  solution  of  [4]  can  be  written  as 
[5]  —  =  21'2  [(W,  -  1)1/2  -(W-  1),/2]  +  2~m  exp  [~(2U  +  1)] 


Wj  exp  ( -  2  U2Q)  (exp  W'  -  W'  -  1) 


|  (W,  -  l)~in  (w,  - 


(IV,  -  l)2  (W,  -  l)3 


{W,  -  l)4 
168 


-(tV-  l)-"2^ 


30 


168 


6  30 

1  -  23/2exp(-l)j 


+  2"1,2exp(-l) 


(W,  -  l)1'2  1  - 


(W,  -  1)  (IV,  -  l)2  (Wj  -  l)3  (W}  -  l)4 


10 


42 


216 


-  (W  -  1) 


1/2 


(- 


(iv  -  i)  (iv  -  i)2  ( w  -  i)3  (w  -  ly 


10 


42 


216 


--)]} 


Equation  [5]  represents  an  alternative  analytical  solution  of  the  Poisson-Boltzmann  equation. 

For  IV  =  1,  i.e.,  when  the  potential  difference  between  the  remote-end  region  and  that  at  the  arbitrary  point  becomes  unity, 
then 


[6] 


^  =  2m  (IV,  -  l)1'2  +  2~  “  exp  (-2 U20  +  1)  |  (W,  -  l)"1'2  (ws  - 


(W,  -  l)2  (W,  -  l)3 

- - - + 


(W,  -  l)4 
168 


.  1  -  23,2exp(-l)j  +  2-1/2exp(-l) 


(IV,  -  1),/2  1  - 


30 

(W,  -  1) 


(iv,  -  i)2  (w,  -  i)3  ov,  -  iy 


10 


42 


216 


-■)]} 


Ax  is  the  separation  between  two  points  depicted  by  IV  =  1  and  IV  =  W,,  The  situation  yields  W  <  Wj  <  2|(/20|. 

The  sharp  spatial  boundary  corresponds  to  the  position  where  IV,  =  2|f/20|,  which  may  be  conveniently  considered  as  the 
threshold  point  for  strong  inversion.  Hence,  the  maximum  depletion-layer  thickness,  or  depletion  distance  that  can  be  sustained 
in  a  sample  having  a  bulk  potential  of  magnitude  |l/20j  under  equilibrium  conditions,  will  be  given  by 


Ax 

171  =■ 


=  21'2  (2\U20\  ~  D,/2  +  2“ 1/2  exp  ( —  2|t/20|  +  1) 


|  (2|l/20|  -  1)-1/2  ^2|f/20|  - 


(2|t/aol  -  D2 


(2|£/m|  -  l)3  (2|t/20|  -  l)4 

+  - “ - T77. -  +  •  • 


30 


168 


H 


1  —  23/2  exp  ( —  1 )  +  2'  1/2  exp  (-1) 


(2|U20|  -  1)  (2|[/20|  -  l)2  (2|(/20|  -  l)3  (2|f/20|  -  l)4 


X  -  »"  (‘  -  -1 - +  —To - +  2.6 

Restricting  the  series  to  an  appropriate  range  from  the  physical  standpoint,  a  modified  scaling  length  may  be  chosen  as 
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[8]  Lmoi  =  2 1/2  Ld  (2|{/m|  -  l)1'2  +  2“ 1/2  Ld  exp  {-1\U20\  +  1)  | 


(2|c/20!  - 1)-1/2  2|iy- 


(2\U20\  -  l)2 


(2|l/20|  -  l)3  (21  t/J  -  1) 


30 


168 


j  ^1  -  23/2exp(-l)^  +  2"1/2exp(-l) 


eng  - 1) 


1/2 


/  (2|i/20|-l)  (2\Um\  -  l)2  (2|£/20|  -  l)3  (2lC/20!  -  i)4 

X  I  1 - - - + - + - 

\  3  10  42  216 

The  modified  scaling  length,  Lmod,  thus  gives  the  maximum  depletion-layer  thickness  for  a  uniformly  doped  semiconductor  at 
equilibrium.  For  higher  values  of  |C/20|,  [8]  yields  the  previous  result;  see  ref.  2.  But  for  moderate  values,  the  terms  other  than 
the  first  on  the  right-hand  side  of  [8]  will  contribute  to 
The  expression  for  the  position,  normalized  with  respect  to  this  new  scaling  length,  can  be  written  as 


[9] 


=  2 


•  1/2 


"'mod 


r  [ 

JW  [j 


exp  (U2Q)  +  exp(-f/20) 


exp(l/20){exp(-W')  +  W'  -  1}  +  exp  ( -  U20)  {exp  W 


_ ) 

'  -  w  -  i}J  \a*  ) 


d  W' 


In  the  depletion  region,  where  2\U20\  >  W  >  1,  the  expression  for  normalized  distance  becomes 


X  f2 l^2ol  f 

[10]  ■—  =  2" 1/2  I 

^mod  Jw  { 


exp  (U20)  +  exp  (-f/20) 


exp  (i/20)  {exp  ( -  W')  +  W'  -  1}  +  exp(-[/20)  {exp  W'  -  W'  -  1} 


1/2 


(t) 


d  W' 


Integration  of  [10]  yields 
x  2m 


till 
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where 


max 


3.  Results  and  discussion 

Equation  [11]  gives  the  relation  of  normalized  distance  as  a 
function  of  potential  derived  through  this  new  scaling  length. 
The  variation  of  normalized  distance  with  normalized  potential 
is  studied  through  the  present  derivation.  For  various  values  of 
tv,  and  |ty,  plots  of  W/|t/20|  versus  x!Lmoi  are  shown  in  Fig.  1 . 
The  curves  indicate  the  doping  dependence  of  the  depletion 
sets,  which  is  in  agreement  with  previous  results  (2).  For  rel¬ 


atively  lower  values  of  |(/20j,  the  curves  so  obtained  are  in  par¬ 
tial  agreement  with  the  works  of  Jindal  and  Warner  (2).  To 
account  for  the  influence  of  \U20\,  the  normalized  potential  ( Wl 
|C/20|)  has  been  considered  in  the  plot;  see  ref.  2. 

The  present  expression  of  the  new  scaling  length,  as  obtained 
by  an  alternative  approach,  can  be  used  to  model  the  depletion- 
layer  thickness  to  replace  the  extrinsic  Debye  length  in  device 
modeling. 

An  example  is  considered  to  illustrate  the  use  of  the  analysis. 
The  case  of  a  MOSFET  (metal  oxide  semiconductor  field  effect 
transistor)  is  taken  for  this  purpose  as  having  bulk  doping 
Nd  =  3.9  x  1016  cm*3.  The  corresponding  value  of  the  nor¬ 
malized  bulk  potential  is  U20  =  In  (ND/nt)  =  15.  If  a  voltage 
is  applied  to  the  sample  such  that  the  surface  potential  Us  = 
- 10,  then  using  the  conversion  relation,  one  gets 
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Fig.  1.  "''ots  of  the  normalized  potential  W/|t/20|  versus  the  nor¬ 
malized  distance  xlL^  for  the  depletion  set  for  different  values  of  IV, 
and  |  Uj. 


Fig.  2.  Curves  showing  the  variation  of  WI\U20]  with  xlL^  for 
\Uj  =  15  where  the  solid  curve  and  the  broken-line  curve  are  the 
results  of  the  present  analysis  and  the  analysis  given  in  ref.  2, 
respectively. 


Ws  =  U2Q  ~  Us=  15  -  (-10)  =  25 

When  C/2„  =  15,  the  threshold  value  of  inversion  would  be 
WT  =  2  |i/20|  =  30.  Since  Ws  <  WT,  there  is  no  inversion 
layer.  Because  the  value  of  W  lies  far  below  the  value  of  2|  U20\ , 
Fig.  1  simply  represents  the  depletion  sets  only.  For  lower  val¬ 


Normalized  distance  x/Lmod 


Fig.  3.  Plots  of  W/|t/20|  versus  x!Lmoi  for  different  values  of  |l/20| 
and  W,  based  on  the  present  analysis.  The  broken  line  depicts  the  work 
of  Jindal  and  Warner  (2)  for  \U20\  =  15. 


ues  of  \U20\,  the  curves  approach  the  accumulation  region.  Here 
graphs  are  drawn  with  different  values  for  the  parameters  Wj 
and  |f/20|  to  show  the  trends  and  character  of  the  normalized 
potential  as  a  function  of  normalized  position.  In  Fig.  2,  the 
solid  curve  is  the  result  of  present  analysis  for  |t/20|  =  15;  it  is 
superimposed  on  the  results  of  Jindal  and  Warner  (2)  for  |f/20| 
=  15;  which  are  shown  by  the  broken  line.  The  present  result 
approaches  the  previous  work  (2)  for  lower  values  of  normal¬ 
ized  potential  and  diverges  slowly  with  higher  values.  Numer¬ 
ical  analysis  from  this  alternate  approximate  solution  is  nearly 
in  agreement  with  the  previous  results. 

The  graphs  in  Fig.  3  are  drawn  in  the  depletion  region  choos¬ 
ing  different  values  of  W}  and  |£/20|  along  with  the  results  of 
Jindal  and  Warner  (2)  for  |f/20|  =  15,  which  are  shown  by  the 
broken  line.  Graphs  resulting  from  the  present  work  seem  to 
approach  a  common  origin.  Thus  by  making  a  suitable  choice 
of  the  values  of  |l/20|  and  W,,  graphs  may  be  drawn  that  will 
be  coincident.  In  Fig.  3,  it  occurs  at  |t/20|  =  22.5,  and  W,  = 
45  as  well  as  |l/20|  =  25  and  W}  =  50.  Thus,  the  present  anal¬ 
ysis  is  also  effective  in  reducing  redundancy  from  the  potential 
solution  through  scaling  length. 
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The  generalized  characters  of  the  level-one  A„  D„  and  E,  Wess-Zumino-Witten  models  on  the  higher  genus  Riemann 
surfaces  are  obtained  from  their  behaviors  under  the  pinching  limit  of  the  zero-homology  cycles.  It  is  important  in  the  con¬ 
struction  of  the  higher  genus  characters  that  these  models  have  fusion  rules  of  the  same  type  as  the  rational  Gaussian  model. 

The  two-point  correlators  are  also  obtained  by  pinching  the  nonzero-homology  cycle. 


Les  caractfcres  g6n6ralisds  des  modules  Weiss-Zumino-Witten  A„  D,  et  E,  de  niveau  un  sur  les  surfaces  de  Riemann  de 
genre  61ev6  sont  obtenus  It  partir  de  leurs  comportements  it  la  limite  de  constriction  des  cycles  d’homologie  z6ro.  Le  fait  que 
ces  modules  ont  des  rfegles  de  fusion  du  mSme  type  que  le  module  gaussien  rationnel  joue  un  role  important  dans  la  construction 
des  caractfcres  de  genre  61ev6.  Les  corr61ateurs  it  deux  points  sont  aussi  obtenus  par  constriction  du  cycle  d’homologie  non 
nulle. 

[Traduit  par  la  redaction] 
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1.  Introduction 

The  two-dimensional  conformal  field  theories  (CFT’s)  (1) 
have  been  very  attractive  in  the  study  of  two-dimensional  crit¬ 
ical  statistical  models  and  the  string  theory.  The  two-dimen¬ 
sional  statistical  model  with  a  particular  boundary  condition  is 
equivalent  to  the  same  model  on  the  corresponding  Riemann 
surface.  The  string  theory  also  treats  Riemann  surfaces.  There¬ 
fore  one  needs  the  higher  genus  characters  and  correlators  to 
give  a  complete  description  of  CFT’s. 

We  constructed  the  higher  genus  characters  of  the  critical 
Ising  model,  and  the  level-one  and  -two  SU(2)  Wess-Zumino- 
Witten  (WZW)  models  by  using  the  sewing  bootstrap  program 
(2)  and  the  Goddard-Kent-Olive  coset  construction  (3).  The 
characters  of  the  level-one  SU(3)  WZW  model  on  the  Riemann 
surface  were  studied  by  Kaul  et  at.  (4). 

The  WZW  models  can  be  used  as  the  internal  spaces  for  the 
string  compactification,  and  are  related  to  the  (2+  l)-dimen- 
sional  Cherin-Simons-Witten  theory  (5),  which  exhibits  a  one- 
to-one  correspondence  between  the  generalized  characters  and 
the  vectors  in  the  Hilbert  space  on  the  Riemann  surface.  The 
partition  functions  of  the  level-one  WZW  models  on  the  simply 
laced  groups,  At,  D„  and  Et,  were  calculated  and  the  Bose- 
Fermi  equivalence  was  shown  on  compact  Riemann  surfaces. 
Recently  their  correlation  functions  were  also  calculated  by  a 
constructive  method  (6).  But  the  explicit  construction  of  the 
higher  genus  characters  and  the  conformal  blocks  of  correlators 
is  not  clear.  In  this  paper,  we  obtain  the  generalized  characters 
of  these  models  on  the  higher  genus  Riemann  surfaces.  They 
have  the  fusion  rules  of  a  special  type  such  that  the  operator 
product  expansion  (OPE)  of  a  primary  field  and  its  conjugate 
contains  only  the  identity  field  and  no  other  primaries.  Then 
all  the  intermediate  propagators  between  blobs  are  fixed  to  be 
the  identity  fields.  It  means  that  the  pinching  limit  of  a  zero- 
homology  cycle  leads  to  the  factorization  to  the  lower  genus 
characters  at  the  leading  order  in  the  pinching  parameter  t, 
which  is  nothing  but  the  intermediate  propagator.  The  bootstrap 
program  with  these  special  fusion  rules  simply  sews  the  genus- 
one  characters  to  obtain  the  higher  genus  ones.  In  this  procedure 
the  modular  transformation  property  plays  an  important  role. 


2.  Special  fusion  rules  and  sewing  program 

We  consider  here  only  the  simply  laced  affine  algebras 
(7,  8).  Since  the  Cartan  matrices  are  symmetric,  so  the  dual 
lattice  M  is  equal  to  the  root  lattice 

Q  =  X/  -  i  Z  5, 

The  highest  weights  of  level  one  that  correspond  to  the  primary 
fields  are  given  by  the  fundamental  weights  and  some  auto¬ 
morphisms  a  of  the  Dynkin  diagram;  {A,}/  =  ct(0)}.  The  fun¬ 
damental  weights, 

{A,  =  (A„fl„0)|i  =  0, 1 . /} 

satisfy  the  following  orthonormality  condition  with  respect  to 
the  simple  roots, 

[1]  8,,-  =  (A,,  a,)  =  (A„  a)  +  <1,8^ 

where  the  constants  a,  are  defined  via 


for  the  highest  root  0.  A  is  the  restriction  of  A  to  the  weight 
space  of  the  finite  algebra.  In  these  cases,  the  central  charge  c 
is  equal  to  the  rank  /,  and  the  characters  are  expressed  in  terms 
of  the  Dedekind  t)  function  and  the  Kac  -Moody  theta  functions 
of  level  one  defined  on  the  root  space. 

12]  Xx  (t)  =  (exp 


where 


1 


©x,  (0.  t) 


13]  ©x.*  (z,  t)  =  2  x  exp  [iTr*T|'y|2  -  Hit  (y,  z)] 

*y  GM+  - 
k 
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with  the  notation  |'y|2  =  (y,  7). 

The  modular  transformation  S :  t— ►  -  1/t  gives  us  the  infor¬ 
mation  about  the  fusion  rules  of  the  corresponding  WZW 
models. 


two-point  correlators  are  constructed  by  pinching  the  nonzero- 
homology  cycle  (14),  and  it  is  straightforward  to  obtain  the  n- 
point  correlators  by  repeating  the  pinching  procedure  of  appro¬ 
priate  homology  cycles. 


t4] 

M- 


where 

[5]  Sf  =  e'(2lt(XlW 


The  fusion  rules  are  determined  by  Verlinde’s  formula:  (9) 


16] 


=  2 
V 


V 


3.  Level-one  A,  WZW  models 
The  level-one  A,  WZW  models  have  l  +  1  primary  fields. 
The  highest  weights  corresponding  to  the  primary  fields  are  Aq, 
...,  A,; 

[7]  A,  =  (A„  1,  0),  i=l,...,/ 

where 

&i  =  2*  -  1  (min  (k,  i)  -  5* 


=  2  exp  [-Hit  (A  -+-  |x  —  v,  7)] 

For  the  level-one  simply  laced  affine  Lie  algebras,  the  above 
fusion  rules  are  of  a  special  type  such  that  there  is  only  one 
unique  representation  [<j>v]  for  die  OPE  of  two  given  primary 
fields  4>x  and  <|y  This  type  is  reexpressed,  i.e.,  the  OPE  of  a 
primary  field  and  its  conjugate  produces  only  the  (descendants 
of)  identity  Held  and  nothing  else.  Such  a  fusion  rule  is  of  the 
same  type  as  that  of  the  well-known  c  =  1  rational  Gaussian 
model  (10)  and  is  also  the  special  case  where  all  the  primary 
fields  are  simple  currents  (11). 

Consider  the  higher  genus  characters  of  these  systems  in  the 
“multiperipheral”  basis  (12).  Look  at  a  vertex  in  the  first  blob 
that  contains  one  in-coming  and  one  out-going  primary  field 
<j>Xi .  The  out-going  field  4>X(  is  equal  to  the  in-coming  conjugate 
field  «j)xv.  The  Gaussian-type  fusion  rule  determines  the  third 

internal  line  to  be  the  identity.  Repeat  this  argument  at  each 
vertex,  then  all  the  intermediate  propagators  between  blobs  are 
fixed  as  the  identity  fields,  by  the  fusion  rules.  Then  the  number 
of  characters  on  the  genus-g  Riemann  surface  is  Ns,  where  N 
is  the  number  of  primary  fields. 

The  higher  genus  characters  are  easily  obtained  by  the  boot¬ 
strap  program,  which  simply  sews  the  genus-one  characters 
together.  When  the  fusion  rule  is  not  of  the  Gaussian  type,  we 
need  more  information  apart  from  the  genus-one  characters, 
e.g.,  one-  and  two-point  correlators,  to  apply  the  sewing  pro¬ 
gram  (2).  The  modular  invariance  of  the  partition  function  is  a 
powerful  guidance  in  this  step.  This  procedure  is  verified  by 
the  factorization  that  the  pinching  limit  of  a  zero-homology 
cycle  (13)  produces  here  two  one-point  correlators  of  the  iden¬ 
tity  field  (14),  which  are  just  the  lower  genus  characters.  The 


The  conformal  dimension  ht  of  the  primary  field  <|>(  is  given  by 


[8] 


_  M2  _  /(/  +  1  -  i) 
l,~  2  ~  2(1+  1) 


The  genus-one  character  of  the  primary  field  <|>,  is  (7) 
[9]  X((T)  *  XAfto  =  ~ ,  ©A,:l(0,  t) 


The  fusion  rule  is  readily  calculated  by  the  modular  trans¬ 
formation  S. 


[10]  S* 


1  i2-njk 

vmexp(* +  d 


[11]  V 


1 

/+ 1 


2 


n  «  0 


exp 


i2Tr  Q~  +  k  -  m)n 

(/+  D 


”/  +  k,  m  (mod  l  +  1) 

like  the  momentum  conservation.  It  is  certainly  of  Guassian 
type,  and  the  primary  fields  <j>,  and  <j>,  +  ,  _  ,  are  conjugate  to 
each  other,  so  Xt  (t)  and  X;  +  1  _  (  (t)  are  identical  because 

®Ai  l(°.  T)  =  ©A/  +  ,  -  /:,(0»  T) 

Therefore,  the  independent  characters  are  Xo>  Xi>  •••» 

X|(/  +  1)/2J- 

We  rewrite  the  Kac-Moody  theta  function  in  terms  of  the 
classical  theta  functions  defined  on  the  group  manifold  of 
SU(2). 


[12]  @A/:i(o, t)  =  2  ,  n  eft  +  I)B(0.to  „!»!«( o,t) 

(flr  E  ZikZ)  *  *  1  2 


where 


[13]  ea;*(z,  t)  =  2z  exp  /2Trfcr(n  +  -  i2vkz(^n  + 


[14]  ak(i)  =  ak  +  min  (k,  i) 
and  ax  =  a,  +  ,  =  0. 
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The  higher  genus  characters  are  obtained  by  the  sewing  bootstrap  program  generalizing  the  Kac-Moody  theta  function  and  the 
Dedekind  t)  function  on  the  Riemann  surface. 

[15]  Xx(ft)=^2©x:.(0,ft) 

where  Z\ 1/2  is  the  partition  function  of  a  chiral  scalar  field  on  the  Riemann  surface  of  genus  g  and  the  higher  genus  Kac-Moody 
theta  function  is  defined  by 

[16]  @x.,(z,ft)  =  X  _  exp  [iir  (7,  ft  •  7)  - /2it  (y,  z)] 

{•yi  e  M+  A»} 


where  X  =  (X,,...,  \g),  y  =  (7,,...,  yg),  and  z  =  (z,,...,  zg)  with  the  extended  bilinear  form 
(y,  z)  =  (Yi,  z,)  +  ...  +  (7g,  zg) 

Here  X,  represents  the  primary  field  4>(  circulating  around  the  ith  blob.  We  rewrite  the  Kac-Moody  theta  function  in  terms  of  the 
higher  genus  classical  SU(2)  theta  functions,  and  we  have 


[17]  Xx(^)  "  jia  2  I!  ®  (*  +  1)  «k  (X)  -  tag  +  ,  (X)~ 

{ag  6W)  *  -  1  *  *  +  1 


M.k  +  1) 


(O.ft) 


where 


[18]  0a.*(z,  ft)  =  2  exP 

n  e  zg 


Bm*{' +  5) ' n '  (" +  s)  -  '  (” +  5) 


and  ak  (X)  is  defined  as,  for  X  =  (A^,...,  A,. ), 

[19]  ak  (X)  =  (a\  +  min  (k,  /,),...,  a\  +  min  (k,  ig)) 

with  a[  =  «{+,  =  0.  The  /  =  2  case  was  studied  by  Kaul  et  al.  (4). 

The  pinching  limit  of  a  zero-homology  cycle  exhibits  the  factorization  to  the  lower  genus  characters: 


[20]  Xx.x2(rt)- 


(Zf), 


®X1:1  (0,  ft])  "  /yl/2)  ®X2:1  (0)  ^j)  +  2  tn  <■  <j>o,n'>Xl<'  4*  0,n'>  X2 

k&l  >2  n  •»  1 


~  Xxi  (^l)  Xx2  (^2)  °(0 


where  <  4>0>„  >x  are  the  one-point  correlators  of  the  descendants  of  the  identity  field,  which  are  dictated  by  the  integral  powers 
of  the  pinching  parameter  /.  On  the  other  hand,  pinching  a  nonzero-homology  cycle  brings  us  the  two-point  correlator: 

IyI2/2 

@X:1  ((*  -  W )  7.  ty  "  th'  <  4>/(z)  4>,  +  1  -  ;(w)  >x 


[21] 


,_L  y 

zf  ye.  M  +  Ki  \E(Z,  w)2 


00 

2  th‘  +  n  <  +  1  -  n^X 

n  =  1 


where 


h  _  V  +  1  -  0 
1  2(1  +  1) 

and  <4>/  n  4>,  +  1  _  «  >x  are  the  two-point  correlators  of  the  descendants  of  <j>f  and  its  conjugate  <J>,  +  ,  _  ,.  E(z,  w)  is  the  prime 
form  defined  as 


E(z,  w)  = 


_ 8[a]  (z  -  w|ft) _ 

v,  W  5,0  [«]  (0|ft)  V£,  v,  (w)  3,0  [a]  (0|ft) 


where  the  characteristic  a  is  odd  and  v,(z)  are  g  holomorphic  differentials.  Therefore,  the  two-point  correlator  of  the  primary  fields 
4>/  and  <)>,  +  ,  _  ,  is 
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[22]  <4>,(z)4>/  + 


/(w)  >  x= 


1  1 
Zf  E(z,  w)ui 


2 


y  e  M  +  Xi,  |-y|2  -  u, 


©X:l  ((Z  “  *0  7.  ^ 


The  partition  function  is  the  sum  over  the  characters: 

[23]  ZtmlA  =SlXx(ft)|2 
'  x 


=  |^p  El©X:.(0,ft)|2 

The  normalized  two-point  correlators  are  obtained  by  summing  the  conformal  blocks  over  the  internal  fields  passing  around  blobs 
and  dividing  by  the  partition  function: 


[24]  <  4> f(z,  z)<|>/  +  ,  .  i(w,  vv)> 


J  Sx  I  2y  6  M  +  Ki .  |-y|2  -  2 A,  ®X:1  ((Z  W)l<  ft)P 
I  E(Z,W)r>  Exl®X:.(0,ft)P 


4.  Level-one  D,  WZW  models 

The  level-one  D,  WZW  models  have  four  primary  fields  <j>0,  4>i.  4>/_ ,,  and  <j>,  with  conformal  dimensions  0,  1/2,  lli,  and 
Hi,  respectively,  which  correspond  to  the  adjoint,  vector,  and  two  spin  representations.  The  number  of  primary  fields  is  independent 
of  the  rank  /  unlike  the  case  of  A,.  From  the  Dynkin  diagram  one  can  pick  up  the  highest  weights  of  level  one  corresponding  to 
the  primary  fields  as  Aq,  A,,  A,  _  ,,  and  A,.  As  explained  in  the  preceding  section,  the  fundamental  weights  are  expressed  in 
terms  of  the  simple  roots: 

[25]  A,  -  2  -  i  + 

k  -  1  *  Z 


t  v-i  k  _  /  _  /  -  2  . 

[26]  A,_  ,  =  2,  2“*  +  4a'-  '  +  ~4~“' 


....  x  'v2  *  -  /  -  2  / 

[27]  A,  =  2“*  +  "T”01'- 1  +  4°' 

Then  the  modular  transformation  matrix  Sf  of  the  genus-one  characters 

[28]  XX(T)  =  “ J  ©X:.(0,  ft) 

is  readily  calculated  as 


[29]  S=l- 


111  1 
11-1  -1 

1  _1  e--W'2  _e-.TT//2 

j  _i  e-,1T'/2 


We  define  the  matrices  N ,  such  that  (A/,)/  =  /V,*,  then  they  are  given  by 


[30]  AT, 


0  10  0 
10  0  0 
0  0  0  1 
0  0  10 


[31]  AT,., 


0  0  10 

0  0  0  1 

(1  +  (- 1)')/2  (1  -  (- 1)'/2  0  1 

(1  -  (-  l)')/2  (1  +  ( -  1  )')/2  0  0 
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0  0  0  1 

roi  V  -  0  0  10 

IJZJ  is,  -  (1  _  (_!y)/2  (1  +  (- 1)'/2  0  1 

.(1  +  (-1)0/2  (1  -  (-1)0/2  0  0, 

and  N0  =  /.  The  fusion  rules  of  these  models  have  the  dependence  of  the  rank  /  modulo  2.  For  /  even,  every  <j>,  is  self-conjugate, 
while  for  /  odd,  <{>,  is  self-conjugate  but  <{>,_,  and  $,  are  conjugate  to  u  :h  other.  Both  of  the  two  classes  of  the  fusion  rules  are 
of  Gaussian  type,  so  one  can  apply  the  sewing  bootstrap  program  simply. 

The  Kac-Moody  theta  functions  can  be  rewritten  in  terms  of  the  classical  SU(2)  theta  functions  as 

[33]  0X;1(O,T)  =  2  V  Kk  +  2at  1+O  +  fl':2(0>'0e  +  a  +  fc,  (0,  T)  0  +  +  (0,  t) 

where  a0  =  0,  a  =  8Xi  A  ,  a'  =  8X>  a  .  and  b  =  8X  A  .  The  bootstrap  program  with  this  special  fusion  rule  leads  us  to  the 
higher  genus  characters  '  ~  1  1 

[34]  XArti)=^5®A:,(0,ft) 

1  2 

=  "yili  2  k  [J  ^2*^  +  2  ak  _  ,  +  a  +  o’. 2  (0*  ft)  ®a,  _  2  +  «  +  *:1  ft)  _  2  +  «'  +  fcl  ft) 

where  a,  =  8X(  A/  ,  a\  =  8X(  A(,  and  b,  =  8X(  A  .  The  two-point  correlators  are  also  given  by 


[35]  ±  — 


Y  e«  + J,,  |yI2  -  i 


®A:l  (ft  -  *0  7.  ft: 


for  /  even, 

[36]  <  4> i  -  i(z)4>, -  i(w)  >x=  ~;r2 ■=■ 1 -  m  2  0X  i  ((*-»)  7,  ft) 

2.,  ZHZ,  w;  7  e  M  +  A,  _  |y|2  -  w 

[37]  <  4»,(z)4»i(w>)  >A=  j;  r1  „4  2  ©X:1  ((z  -  w)  7,  ft) 

1  ’  ’  7  S  m  +  A,_  |7|2  _  l/A 

for  l  odd, 

[38]  <  «> ,  -  ,  (z)  <|>  ,(w)  >x=  A  -~y/4  2  @X;,  ((z  -  w)  y,  ft) 

Since  there  are  two  classes  in  the  level-one  D,  WZW  models  depending  on  the  rank  l  modulo  2,  the  numbers  of  their  two-point 
correlators  are  different. 


5.  Level-one  E,  WZW  models 


5.1.  Level-one  E8  WZW  model 

This  model  is  trivial  because  it  has  just  one  primary  field,  i.e.,  the  identity.  The  character  is  itself  the  chiral  partition  function 
given  by 

1391  *(T)  =  ^0V(O- T) 

=  e8  [a]  (0|t) 


It  is  modular  invariant  and  the  above  Kac-Moody  theta  function  is  a  cusp  form  of  weight  4.  Extending  to  higher  genus,  the  modular 
invariant  character  is 
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[40]  X(H)  =  ~  2  0*[«](0|O) 

*•  even 

where  the  sum  is  over  all  the  even-spin  structures. 

5.2.  Level-one  E7  WZW  model 

There  are  two  primary  fields,  1  and  »]>  of  connrmal  dimensions  0  and  3/4,  respectively.  The  fusion  rule  is  <j>  x  <j>  =  1,  which 
is  similar  to  that  of  the  level-one  SU(2)  WZW  mori;l.  The  highest  weights  of  level  one  are  found  to  be  the  fundamental  weights, 
A*,  and  A7. 

The  genus-one  characters  a/e  expressed  as 

[41]  XxM  =  ~7®X:.(0,T) 


1  /  -  2 

—  yin  5)  n  +  2  Oj  _  [  +  a  +  a': 2  (0)  ft)  _  2  +  a  +  ».l  (0*  ft)  2  +  o'  +  A;i  (0,  . 

"i  {o^  e  z*/*z®}  *  “  1 


[42]  ©X:l  (0,  T)  —  2  2  ®d2: 2  (0)  t)  0d  +  J  (0,  T)  0^  +  2d.  -  </.:2  (0.  T)  ®2 d,  +  2 d.  -  d.:2  (0.  T) 

*  ®2d4  +  2rfj  -  d,  +  2o:2  (0*  T)  0Mj  _  rfl;2  (0,  T)  02d)  +  2aA  (0.  T) 

=  0*,  (0,  t)  [0< ,  (0,  t)  +  70^  +  ,:2  (0,  t)] 
where  a  =  8X  A  ,  and  we  used  in  the  second  equality  some  theta  identities  (15). 

Sewing  the  genus-one  characters  by  the  bootstrap  program,  we  gain  the  following  higher  genus  characters: 

[43]  Xx(ft)  =  ^p®x:.(0,ft) 

=  ft)  2  7S,b/ 0^  +  A1  (0,  ft) 

*1  b  e  Z*/2Z* 

where  a,  =  8X/>  A?-  The  nonzero-homology  pinching  limit  of  the  characters  contains  the  two-point  correlators: 


[44]  <<{>(*)  <Kh-)>x= 


56  1 


E(z,  w)3'2Z['2 


77/2  ©  lJz  “  w>  ft)  S  7S|b‘  8J  +  *.,((),  ft) 

"I  »E  Z*/2Z* 


where  the  factor  56  means  the  number  of  group  charges  of  the  primary  field  ({>. 

5.3.  Level-one  E6  WZW  model 

It  consists  of  three  primary  fields  1,  <}>,,  and  (j>6  of  conformal  dimensions  0,  2/3,  and  2/3,  respectively,  which  correspond  to 
the  fundamental  weights  A0,  A,,  and  A6,  respectively. 


[45]  A,  =  -a,  +  a2  +  -a3  +  2a4  +  -a5  +  -a6 


2  4  5  4 

[46]  A6  =  -a,  +  a2  +  -a3  +  2a4  +  -a5  +  -ot6 

The  fusion  rule  is 

[47]  <t>i  X  <t>6  =  1,  (j>,  x  (j>,  =  (J>6,  4>6  X  <j>6  = 

which  is  similar  to  the  level-one  SU(3)  WZW  model  and  is  of  Gaussian  type.  The  genus-one  characters  are  rewritten  in  terms  of 
the  classical  SU(2)  theta  functions  using  the  theta  function  identities: 
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_1_ 

T1(T)6 


[48]  XA(T)  =  izr60x,(O,T) 


1 


r\{7)6 


dx  e  z/4z  {</.  e  mzj,  i  -  2,  3.  4 


T)  +  d2:l  (0>  T) 


*  ®2 d2  +  2d3  -  </,: 2  (0,  T)  0. 


2^i 


:  (0,  T)  0: 


2d, 


d,  +  2a’:2(0.T)e3rf) 

+  2 a’  +  4*':6  (0,  T) 


1 

2t](t)6 


1 

a.  b  e  - 

2 


2 

ZJZ,  tab  *■  0  mod  2 


e[;n  (o|3t)  05  U)(0|t), 


where  a'  =  8X  Afi,  b'  -  8X>  Aj,  and  c  =  y  +  -  b'. Therefore,  Xa,  (t)  =  Xa5  (t)  and  we  check  again  that  <j>,  is  conjugate  to  4>6. 
We  obtain  the  higher  genus  characters 


[49]  Xxtti)  ©x:i(0.«) 


1 

2  *Z] 


,  2 

a,  be-  Z*/Z*.  ta  •  b  -  0  mod  2 
2 


8[‘3i+‘](o|3n)05  [j]  (o|n), 


where 


2  1  c 

c.  —  -  8v  a  +  r  8X  a 
i  3  A,.  3  a,.  a6 

One  can  pick  up  the  two-point  correlators  from  the  pinching  limits  of  the  nonzero-homology  cycles: 

1  1 


[50]  <  4» ,  (z)  4» 6(»v)  >  x= 


E  (z,  w)w  2*  Z] 


2  o(  $«+  0 1  (2(z  -  w)|3n)  0  5[  z  ]  o|n) 

even 

+  24  2  e,4lta  •  *  0  [“/  a) 

a,  b 


(4ira  ■  b  n  r»  +  m  I  ^  lor*  \  o5  ran  (  ^ _ ^ 


|30  05  [»] 


|n 


i  i 

E{z,  w)mZ\ 


2 


ytM  +  K{,  |k|2 


4  ®x;i((z  ~  w)y,Q) 


6.  Discussion  and  conclusion 
The  level-one  WZW  models  for  the  simply  laced  groups  have 
fusion  rules  of  the  Gaussian  type,  which  fix  all  the  intermediate 
propagators  between  blobs  of  the  Riemann  surface  to  be  the 
identity  fields.  Then  the  zero-homology  pinching  limit  merely 
shows  the  factorization  of  the  characters  into  lower  genus  ones 
at  the  leading  order  in  the  pinching  parameter.  So  the  sewing 
bootstrap  program  leads  us  to  the  higher  genus  characters  in 
simple  ways  and  the  two-point  correlators  are  obtained  by 
pinching  the  nonzero-homology  cycle. 

Summarizing  the  results,  the  higher  genus  characters  of  the 
level-one  WZW  models  for  the  simply  laced  groups,  A,,  D„ 
and  £,,  are 

[51]  = 


and  the  conformal  blocks  of  the  two-point  correlators  are 
[52]  <  <|>  A(z)  <|>  Av  (vv)  >  x 


1 

£(z, 


2 


yeM+K,  |-y|2  -  2  hA 


©X:l  ((Z  “  W)  7.  ft)A 


where  X,  represents  the  primary  field  circulating  around  the  ith 
blob,  Av  is  the  conjugate  of  A,  and  hA  the  conformal  dimension 
of  <]>a-  The  one-point  correlators  of  the  nontrivial  primary  fields 
vanish  on  any  Riemann  surface  owing  to  the  fusion  rules. 

The  Gaussian-type  fusion  rules  permit  us  to  extend  the  the¬ 
ories  easily  onto  the  higher  genus  Riemann  surfaces,  because 
they  could  be  considered  as  free  theories  actually  and  also  real¬ 
ized  by  the  vertex  operator  formalism.  The  models  considered 
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in  this  paper  are  solved  by  the  genus-one  characters  alone.  Fur¬ 
ther  investigation  of  such  theories  may  bring  a  new  clue  to  the 
study  of  the  rational  CFT’s  on  the  general  Riemann  surfaces. 
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The  nematic-isotropic  phase  transition  of  a  system  of  nonpolar  rodlike  molecules  is  considered.  The  mean-field  theory  is 
extended  to  take  into  account  the  local  field  fluctuations  in  the  Gaussian  approximation.  The  calculations  are  performed  in  the 
five-dimensional  space  of  the  order-parameter  components.  The  numerical  results  are  obtained  for  the  lattice  system  of  mol¬ 
ecules  and  compared  with  the  calculations  in  the  mean-field  theory,  cluster  approximation,  and  Monte-Carlo  simulation  data. 


On  consid&re  la  transition  de  phase  ndmatique-isotrope  d’un  syst&me  de  molecules  non  polaires  de  type  batonnets.  La  thdorie 
du  champ  moyen  est  g6ndralis6e  pour  tenir  compte  des  fluctuations  du  champ  local  dans  l’approximation  gaussienne.  Les 
calculs  sont  effectuds  dans  l’croace  it  cinq  dimensions  des  composantes  du  param&tre  d’ordre.  Des  rdsultats  numdriques  sont 
obtenus  pour  le  systdme  de  moieties  en  rdseau  et  compards  avec  les  calculs  effectuds  dans  le  cadre  de  la  thdorie  du  champ 
moyen,  avec  l’approximation  d’amas  et  par  simulation  Monte  Carlo. 

[Traduit  par  la  rddaction] 
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1.  Introduction 

Fluctuations  play  an  essential  role  in  the  critical  behavior  of 
nematic  liquid  crystals  (1).  Most  theoretical  considerations  of 
the  nematic-isotropic  phase  transition  including  fluctuations  are 
based  upon  the  phenomenological  Landau-de  Gennes  theory 
(see  ref.  2  for  a  review).  The  microscopic  approaches,  on  the 
other  hand,  are  not  sufficiently  developed  and  either  do  not  take 
into  account  the  fluctuations  as  in  the  hard-rod  model  (3)  or  the 
Maier-Saupe  theory  (4),  or  consider  fluctuations  in  an  indirect 
way  as  in  the  Krieger-James  approximation  (5)  and  other  the¬ 
ories  (6,  7).  Cluster  approximations  (8,  9)  include  short-range 
orientational  correlations  of  a  few  nearest  molecules.  The  pur¬ 
pose  of  this  work  is  to  extend  the  mean-field  theory  to  take  into 
account  the  fluctuations  of  the  local  field,  which  acts  on  a  given 
molecule  and  is  due  to  all  the  others. 

The  interaction  between  the  molecules  in  liquid  crystals  has 
a  tensor  character.  Therefoie  the  usual  field-theory  methods  are 
difficult  to  apply.  We  formulate  a  5/V-dimensional  model  of  a 
nematic  liquid  crystal  with  a  vector  interaction  equivalent  to  the 
classical  tensor  model.  Calculations  are  performed  in  the  Gaus¬ 
sian  approximation  for  the  local  field  fluctuations.  Within  the 
framework  of  this  method,  shortcomings  of  the  mean-field 
description  such  as  unrealistic  values  of  the  critical  temperature 
Tc  and  the  temperature  T*  of  a  disappearance  of  the  disordered 
phase  cannot  be  removed.  However,  this  approximation  allows 
us  to  investigate  in  a  simple  way  the  influence  of  the  local-field 
fluctuations  on  the  thermodynamic  quantities  of  the  system.  It 
is  known  that  the  quadratic  approximation  is  not  applicable  in 
the  neighborhood  of  the  critical  point  of  a  second-order  phase 
transition  (see  ref.  1 0  for  example) .  The  nematic-isotropic  tran¬ 
sition  is  a  weak  first-order  one.  As  it  will  be  shown,  simple 
analytical  expressions  for  the  thermodynamic  functions  can  be 
obtained  in  the  Gaussian  approximation  for  the  lattice  system 
of  rodlike  molecules  for  all  temperatures.  These  expressions 
establish  the  connection  between  thermodynamic  quantities  of 
the  system  and  its  translational  symmetry  plus  the  radial 
dependence  of  the  pair  interaction  potential.  The  results  of  our 
calculations  are  compared  with  those  of  the  mean-field  treat¬ 
ment  (4),  the  cluster  model  (8,9),  and  Monte-Carlo  simulations 
(11,  12). 


2.  Vector  model  for  nematic 

We  are  concerned  with  the  system  of  N  molecules,  which 
are  assumed  to  be  nonpolar  and  to  have  cylindrical  symmetry. 
The  symmetric  traceless  matrix  Q,  corresponding  to  each  mol¬ 
ecule  is: 

[J]  Qf  -«?nP-  l- 8“P 

where  n“  are  the  Cartesian  components  of  a  unit  vector  n,  along 
the  symmetry  axis  of  the  molecule  i. 

Assume  that  interaction  between  the  molecules  i  and  j  has 
the  form: 

[2]  V,j  =  ~CiJP  2  (cos  0y)  =  -|c„tr  Q,Qt 

where  Cy  defines  a  dependence  of  the  interaction  energy  on  the 
intermolecular  distance  rIJt  0y  is  the  angle  between  the  unit  vec¬ 
tors  n,  and  rty  Then  in  the  absence  of  external  fields  the  Ham¬ 
iltonian  of  the  system  is: 

[3]  H=  2  Cytre,e, 

H  ij 

Consider  a  linear  vector  space  L  of  all  symmetric  traceless 
matrices  3  x  3.  A  scalar  product  of  two  elements  A,  BEL  is 
defined  by  the  relation  ( AB )  =  tr  AB.  The  matrix  Q,  is  expand¬ 
able  in  terms  of  the  basis  elements  {Y„}a  „  ,  5  of  the  space 

L. 
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e,-<if(9„<p,)x„ 


0  0 

■1/2  0 

0  1. 


a!  =  -7:  sin2  0,  sin  2cp,, 
V2 


a]  =  — —  sin  20,  sin  <p,, 


af  =  — —  sin2  0,  cos  <p( 
V2 


af  =  — -  sin2  0,  cos  2<p, 
V2 


«?  =  ^3^2  (cos  0,) 

where  0,  and  <p,  are  the  polar  angles  of  the  unit  vector  nt.  Sum¬ 
mation  over  repeated  indices  is  assumed  m  [5]  and  further; 
Greek  indices  vary  from  1  to  5.  The  Hamiltonian  [3]  can  be 
rewritten  in  the  form: 

[6]  U=-\cvV*dl$--\m 


Q  =  (a},...,  asv  af,...,  a^,...,  asN) 

is  a  5/V-dimensional  vector  defining  a  configuration  of  the  sys¬ 
tem,  /  =  C  ®  1  is  the  interaction  matrix.  The  elements  of  the 
matrix  C  are  the  coefficients  Cljt  1  is  the  unit  matrix  5x5. 

In  the  presence  of  the  external  field,  which  has  a  value  H )  at 
molecule  i,  the  Hamiltonian  is  written  as 

[7]  H=-\qIQ-V-GQ 

where  G  is  a  5N-dimensional  vector  with  the  components 
defined  by  coefficients  of  the  expansion  of  N  matrices: 

Gf  =  AX  (HfH?  - 

in  terms  of  the  basis  elements  [4],  Ax  =  Xj.  -  Xu  is  the  ani¬ 
sotropy  of  the  molecular  polarizability. 

Then  the  partition  function  of  the  system  is 

[8]  Z(P,  G)  =  f  dQ  exp  Q  p QIQ  +  j  PGQ) 

M  '  ' 

where  p  =  1  lkBT  is  an  inverse  temperature  in  energy  units.  In 
[8]  the  integration  is  performed  over  2/V-dimensional  surface 
M  given  in  L  '  the  relations  [5],  and 


dQ  =  2N  fi  sin  0,  d0,  dip, 

1  -  i 


To  calculate  partition  function  [8],  we  replace  the  interaction 
between  the  molecules  by  the  interaction  of  the  molecules  with 
an  effective  fluctuating  vector  field  b.  For  this  purpose  one  can 
use  the  identity: 


-5 N  -,1/2 


x  J  dbexp  -^p bib  +  ^P blQ 

KM  L  -J 


and  rewrite  [8]  in  the  form: 


[9]  Z(p 


•G>=[(0) 


-SN  -,1/2 


x  dAexp 


-|p bib  Z0  (G,  b) 


where  b  is  a  51V-dimensional  vector  with  components  that  vary 
from  -a>  to  +“,  and 

[10]  Z0(P,  G,  b)  =  f  dQ  exp  ( |  pfi/g  +  ~  p  GQj 

M  '  ' 

is  the  partition  function  of  the  system  of  noninteracting  mole¬ 
cules.  The  function  of  the  effective  field  distribution  can  be 
written  as: 


[11]  exp  [  -  P<j>(i)]  =  exp 


Hi 


-5I08Z, 


3.  Gaussian  approximation  for  fluctuating  fields 

To  calculate  [9],  we  use  the  Gaussian  approximation.  Then 


[12]  exp  [  -  P<j>(6)]  ~  exp 


|-P  ‘MB' 


+  -(b-B)J(b 


-B]]} 


where  the  stationary  point  B  is  the  solution  of  the  equation: 


[13]  B  = 


f  dQ  exp  |  f 
.W _ l 

j  dQ  exp  | 


P  BlQ  +  -  pGg  g 


pB/6  +  -pGQ 


One  can  conclude  from  [13]  that  B  has  a  sense  of  Q  vector  in 
the  mean-field  approximation,  i.e., 

B  =  «J>*«G,>, 


is  an  element  of  M. 


156 


CAN.  J.  PHYS.  VOL.  69.  1991 


The  dispersion  of  the  effective  field  b  is  given  by  the  matrix 

‘“i 


Using  the  relations  [11]  and  [14]  we  obtain: 


[15]  J  =  -IR 
2 


[i6]  r  =  i  ~p/[<e®e>-<e>®<e>]U* 

In  [16]  the  averages  are  calculated  with  the  mean-field  distri¬ 
bution  function: 


exp  |^pWG  +  -pGgJ 

Taking  into  account  [9]— [  11]  and  [15]  and  [16]  we  find: 


[17]  Z(P,  G,  B)  «  Z0(P,  G,  B)  [det  R]  ~ 1/2  exp 


Assume  that  the  external  fields  H,  applied  to  the  molecules  have 
the  same  direction  along  the  z  axis  of  the  laboratory  frame.  In 
this  case: 


-1/2  0  0 


G,  =  AXW?  0  -1/2  0 

\  0  0  1.^ 

/  — 1/3  0  0' 

<Q/>  =  Si  I  0  - 1/3  0 
\  0  0  2/3 


where  s,  =  (P2  (cos  (0,))  is  the  order  parameter  of  the  molecule 
i.  Then  [13]  for  the  stationary  point  can  be  written  in  the  scalar 
form: 


[19]  *=-5  +  2 


[  r2  exp  (mf)  dr 

1  J  Jo _ 

2  +  2  f1 

exp  (mf2)  dr 
Jo 


"*/  =  |p  +  ^AX//?J 

For  the  partition  function  [17]  we  have: 

[20]  Z(P,  G,  B)  *  Z0(p,  G,  B)  [det  R]  ~ 1,2 


4pWj] 


Z0(P,  G,  B)  =  (8tt)w  f])  exp  (P.  s)j 

x  j  exp  [rtij  (P,  s)/2]  dr 

Assume  now  that  the  external  fields  Ht  have  the  same  values 
and  the  order  parameters  of  all  molecules  are  equal,  i.e., 

[21]  s,  =  s0t  m,  =  m,  //,  =  H 

Under  such  conditions  the  system  of  equations  [19]  coincides 
with  the  Maier-Saupe  equations  (4)  and  has  the  form: 


[22]  s.  =  -i  +  | 


f  fexpimftdt 

Jo 

f  exp  (mi2)  dr 
Jo 


m  =  2<pi/)<»0  +  y) 

where  the  quantity 

N 

U=  2  Cv 

i  - 1 

has  the  same  value  for  all  molecules,  7  =  AXtf2/3l/.  With  a 
help  of  [22]  we  obtain  the  following  expressions  for  the  parti¬ 
tion  functions: 

Z(P,  G,  B)  =  Z0(P,  G,B)  [det/?]" 1/2 

x  exp  |^-^A/pC/  Joj 

[23] 

Z0(p,  G,  B)  =  (8ir )N  exp  -  j  m  (P,  50)j 

r  1 

x  J  exp  (ml2)  dr 

To  calculate  det  R  under  conditions  [21]  the  matrix  R  can  be 
written  as  follows: 

R  =  1  -  PC  ®  A 

where  A  is  the  diagonal  matrix  with  the  elements: 

A“P  =  ^[{fl“aP)-(fl“>(aP>] 

1  is  the  unit  matrix  5 N  x  5N.  Then  we  find: 

[24]  det  R  =  exp  [tr  log  (1  -  P  C  ®  A)] 

=  n  n  (l  “  Ptf  «,!*“) 
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where  co,  and  p“  are  the  proper  values  of  the  matrices  CIU  and 
A,  respectively.  Since 


matrix  CIU  is  a  stochastic  one.  Hence,  <u;  ^  1.  Assuming  that 
|3l/p,“  <  1 ,  we  get: 


[25]  det  R  exp 


--OLT)2  co, 


-\n(M2 


0  (ivj 


=  exp 

where  0  is  a  dimensionless  parameter: 


where  E0,  s0,  and  S0  are  the  Maier-Saupe  theory  value: 

£0  i  , 

NU  ~  ~2S°  ~  ^s° 

[31] 

£ 

=  log  (877)  -  |pt/(s0  +  7)  (2*0  +  1) 


+  log 


dr 


The  proper  values  p.a  of  the  matrix  A  are  calculated  with  the 
help  of  die  following  relations: 


1261  8  =  ^ 

Thus,  one  can  easily  see  from  [25]  and  [15]  that  under  the  con¬ 
ditions  [21]  the  dispersion  matrix  D  =  J~'  is  diagonal.  The 
dispersions  are  independent  of  i  and  can,  to  the  accuracy 
of  a  constant  factor,  be  written  as: 


Daa  ~  exp  U  (pLO2  0  (fJL.«)2 

Using  [23]  and  [24],  we  now  write  the  expressions  for  the  aver¬ 
age  energy  E,  order  parameter  (s),  entropy  S,  and  log  Z  in  the 
Gaussian  approximation: 


[27] 


log  Z  1°8  Zo 
~N~  =  N 


l 

N 


N 

x  2)  log  [1  -  pt/WfiJL01] 

I  =  1 


logZ0 

N 


(W2 © m-V" 


[28] 


E_ 

NU 


dp  log  Z 
NU 


— --0(3t/[pV  +  ^a^“] 


dy  log  Z  3 

[29]  (5>  =  ~wr  “  +  i 0  (pt/)  ^ v 


[30] 


5  log  Z  +  (3E 


NkB 


N 


un  1 


-  papa  +  M-a™dmpa 


=  P4  *  |(1  -  2 T2  +  T4) 


[32] 


it2  -  p3  =  -(T2  -  r4), 
2 

obtained  from  [22],  where 

f  r2  ex  >  (ml2)  dt 
Jo 


IIs  =  -(T4-T2) 
4 


t2  = 


/: 


exp  ( mt 2) 


Uniform  states  of  a  nematic  are  degenerate  in  the  five-dimen¬ 
sional  space  of  the  order  parameter  components  (1).  This  cor¬ 
responds  to  the  identities  p1  =  p4  and  p2  =  p3.  In  fact,  the 
matrices  X,  and  X2  are  equivalent  to  X4  and  X3,  respectively, 
because  they  can  be  transformed  each  to  other  by  rotations 
around  the  z  axis  in  the  laboratory  frame.  The  choice  of  <Q> 
in  the  form  [18]  fixes  and  the  z  axis  and  leads  to  p1, 4  +  p2, 3, 
since  the  transformation  p1, 4  p2, 3  involves  the  rotation  of 

the  z  axis.  As  one  can  show  from  [32],  above  the  critical  point 
Tc  in  a  zero  external  field  p“  =  1/5,  a  =  1,...,  5  and  the 
symmetry  is  reconstructed.  It  should  be  noted  that  the  fluctua¬ 
tions  of  the  effective  field  b  are  biaxial.  The  reason  is  that  the 
field  b  represents  in  three-dimensional  space  the  sum  of  matrices 
[4]  with  coefficients  varying  independently. 

Using  [22]  and  [32]  below  the  critical  temperature  Tc  p2, 3 
can  be  expressed  as  follows: 


[33]  p2-3 


1  *o 
$Us0  +  7 


Therefore,  at  y  =  0  the  expression  [27]  for  log  Z  contains  a 
logarithmic  singularity,  which  is  integrated  in  the  thermody¬ 
namic  limit  N  -*  oo.  According  to  the  expressions  [32]  we  can 
write  for  m  — >  =»: 
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Fig.  1.  The  variation  of  the  quantities  (see  [25]  and  [36])  defining 
the  values  of  the  fluctuating  field  dispersions  as  a  function  of  the 
dimensionless  inverse  temperature  fit/  for  0  =  0.0879. 


[34]  jjl2-3  ^  -^wT2 

Hence,  for  P  — ►  °°  the  terms  in  [28]  and  [29]  containing  p.“  can 
be  neglected  and  [28]  and  [29]  become  the  usual  mean-field 
formulas  for  E  and  < s ).  However,  the  Gaussian  correction  to 
the  mean-field  entropy  S0  has  a  finite  value  0/[2(l  +  y)2]  in 
the  low-temperature  limit  as  follows  from  [33]. 

4.  Numerical  results 

The  numerical  calculations  with  the  formulas  [27]— [30]  have 
been  performed  for  the  system  of  molecules  placed  in  the  sites 
of  a  simple  cubic  lattice.  The  external  field  was  assumed  to  be 
zero.  Equation  [22]  was  used  to  obtain  the  stationary  point  B. 
The  radial  dependence  of  the  intermolecular  potential  was  taken 
in  the  form: 

[35]  Cy  =  \ 

riJ 

where  r0  is  the  distance  between  the  molecules  i  and  j.  In  this 
case  the  parameter  0  has  the  value  0.0879  and  is  independent 
of  the  lattice  spacing  and  interaction  constant.  The  computa¬ 
tions  have  been  also  carried  out  at  0  =  1/6  since  the  approx¬ 
imation  of  the  z  nearest-neighbors  interaction,  which  was  used 
in  the  Monte-Carlo  simulations  (1 1 ,  12)  and  the  cluster  model 
calculations  (8,  9)  leads  to  0  =  1/z. 

Figure  1  shows  the  dependence  of  the  quantities  (1/2)  Of/)2 
0(p.“)2  defining  the  dispersions  of  the  vector-fluctuating  fields 
on  the  dimensionless  inverse  temperature  (3f/  for  0  =  0.0879 
and  a  =  1,  4,  5.  As  one  can  see,  the  condition  for  the  appli¬ 
cability  of  the  Gaussian  approximation: 

[36]  (0(/)2  ©  Oa)2  <sj  1 


K.T/U 

Fig.  2.  The  temperature  dependence  of  the  energy  of  the  system  per 
particle.  The  •  represent  the  Monte-Carlo  simulation  data  (11),  the 
■  -  —  curve  the  mean-field  calculations,  the  —  lines,  1  and  2,  the 
results  of  the  calculations  in  the  Gaussian  approximation  for  0  = 
0.0879  and  1/6,  respectively. 


is  satisfied  for  all  temperatures.  In  the  case  a  -  2,  3  below  the 
critical  point  one  has: 

i(Pf/)20(fL“)2  =  i0 

and  we  conclude  that  the  Gaussian  approximation  is  valid  for 
all  types  of  three-dimensional  lattices  0  0.25. 

The  temperature  dependence  of  the  energy  is  shown  in  Fig.  2. 
The  results  of  the  computations  of  the  order  parameter  ( s )  as  a 
function  of  the  reduced  temperature  TITC  for  0  -  1/6  and 
0.0879  are  presented  in  Fig.  3.  The  quantitative  agreement  of 
our  calculations  with  the  Monte-Carlo  simulation  data  is 
achieved  for  TITC  <  0.97  in  the  case  0  =  1/6.  At  0  =  0.0879 
a  satisfactory  agreement  is  obtained  only  for  T/Tc  <  0.93.  The 
calculations  in  the  Gaussian  approximation  reproduce  unsatis¬ 
factorily  the  behavior  of  the  Monte-Carlo  curve  in  the  vicinity 
of  the  critical  point  where  the  fluctuations  are  strong.  On  the 
other  hand,  the  cluster  model  more  accurately  describes  the 
shape  of  tv  ,  order-parameter  dependence  on  the  reduced 
temperature. 

The  values  of  energy,  order-parameter,  and  entropy  discon¬ 
tinuities  at  the  critical  temperature  are  presented  in  Table  1 . 
The  comparison  shows  that  the  account  of  the  local  field  fluc¬ 
tuations  in  the  Guassian  approximation  decreases  the  magni¬ 
tudes  of  the  discontinuities  by  at  least  40  and  30%  for  the  energy 
and  entropy  with  respect  to  the  mean-field-theory  predictions. 
Our  estimates  are  very  close  to  those  calculated  in  the  two- 
particle  cluster  model.  The  difference  between  our  results 
obtained  in  the  approximation  of  the  interaction  with  the  nearest 
neighbors  and  in  the  case  of  the  radial  dependence  [35]  reach 
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T/Tc 


Fig.  3.  The  dependence  of  the  order  parameter  (s)  on  the  reduced 
temperature.  The  •  represent  the  Monte-Carlo  simulation  data  (11), 

the  A  the  Monte-Carlo  data  (12),  the  —  and - lines  the  results 

of  the  two-paiticle  cluster  approximation  (8)  and  mean-field  theory, 
the  —  lines,  1  and  2,  the  calculations  in  the  Gaussian  approximation 
for  ©  =  1/6  and  0.0879,  respectively. 


Fig.  4.  The  variation  of  the  entropy  discontinuity  as  a  function  of 
the  effective  number  z  =  1/0  of  the  nearest  neighbors.  The  -  -  -  and 
—  lines  are  the  results  of  the  two-particle  cluster  model  (8)  and  present 
work,  the  •  -  —  line  shows  the  mean-field  value. 


Table  1 .  The  values  of  the  discontinuities  of  the  thermodynamic  quantities  in  the  critical  point  cal¬ 
culated  using  the  Monte-Carlo  method  (MC),  mean-field  theory  (MF),  Gaussian  approximation  (GA), 
_ and  two-  and  four-particie  cluster  approximation  (2-CA,  4-CA) _ 


MC 

(ref.  11) 

MF 
(ref.  4) 

GA 

GA 

0  =  0.0879 

2-CA 
(ref.  8) 

4-CA 
(ref.  9) 

LT. 

- 

1.127  ±0.003 

1.321 

1.321 

1.321 

1.160 

1.142 

U 

0.27  ±0.02 

0.429 

0.390 

0.407 

0.382 

0.347 

hEINU 

0.07  ±0.01 

0.551 

0.337 

0.437 

0.327 

— 

EslNks 

— 

0.418 

0.298 

0.354 

0.282 

— 

5,  20,  and  15%  for  the  order  parameter,  energy,  and  entropy, 
respectively. 

Figure  4  shows  the  similarity  of  variations  of  the  entropy 
discontinuity  hS/NkB  as  a  function  of  the  effective  coordination 
number  z  =  1/0  in  the  present  approach  and  cluster 
approximation. 

5.  Conclusions 

In  this  work  we  have  developed  a  microscopic  method  of 
calculating  the  thermodynamic  characteristics  of  nematics  in  a 
five-dimensional  space.  The  equations  of  the  mean-field  theory 
are  obtained  as  a  special  case.  The  method  gives  reasonable 
results  within  the  limitations  of  the  Gaussian  approximation. 
The  predicted  dependence  of  the  order  parameter  on  TITC  agrees 
with  the  Monte-Carlo  simulation  data  excluding  the  neighbor¬ 
hood  of  the  critical  point  Tc.  The  calculations  based  on  the 
proposed  approach  are  not  restricted  to  the  nearest-neighbor- 
interaction  approximation.  In  the  case  of  the  realistic  radial 
dependence  of  the  intermolecular  potential  1/r6,  taking  into 


account  the  interaction  with  molecules  outside  the  first  coor¬ 
dination  sphere  leads  us  to  variations  of  the  thermodynamic 
quantities  comparable  with  the  Gaussian  corrections  and  to 
increase  the  values  of  the  discontinuities  at  the  critical  point. 

A  comparison  of  our  results  with  those  of  the  cluster  approx¬ 
imation  allows  us  to  conclude  that  the  description  of  the  Monte- 
Carlo-simulation  data  may  be  improved  by  a  combination  of 
the  two  approaches.  In  the  framework  of  our  formalism  the 
short-range  correlations  can  be  included  at  the  level  of  [19], 

The  tendency  toward  weakening  of  the  transition  with  a 
decreasing  of  the  number  z  of  nearest  neighbors  shows  that 
certain  liquid  properties  of  nematics  are  important.  We  remark 
that  [19]  has  been  obtained  without  any  assumptions  about  the 
spacial  structure  of  the  system.  They  are  general  enough  to 
admit  fluctuations  of  the  Cy  in  sp.'.ce. 
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The  nuclear-mass  dependent  spin-orbit  interaction  is  discussed.  The  corresponding  interaction  operator  is  given  in  tensor 
form  and  the  expression  for  its  matrix  elements  in  a  basis  of  SL  functions  is  presented.  Monoconfigurational  calculations  have 
been  performed  for  the  ground  states  of  carbon  and  oxygen.  The  results  for  the  7-level  splittings  show  that  the  contribution 
from  this  interaction  is  comparable  with,  or  even  greater  than,  the  contribution  from  the  hyperfine-structure  interactions. 


On  discute  l’interaction  spin-orbite  dependante  de  la  masse  nuclSaire.  On  donne  l’opdrateur  d’interaction  correspondant  sous 
forme  tensorielle  et  on  pr&ente  l’expression  pour  ses  dldments  de  matrice  dans  une  base  de  fonctions  SL.  Des  calculs  mono- 
configurationnels  ont  dtd  effectuls  pour  les  dtats  fondamentaux  du  carbone  et  de  l’oxyggne.  Les  rdsultats  obtenus  pour  les 
separations  des  niveaux  J  montrent  que  la  contribution  de  cette  interaction  est  du  meme  ordre  et  meme  plus  grande  que  celle 
des  interactions  de  structure  hyperfine. 

[Traduit  par  la  redaction] 
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Introduction 

Research  in  atomic  structure  centered  in  the  past  in  overcom¬ 
ing  the  main  difficulties,  such  as  those  encountered  in  the  deter¬ 
mination  of  satisfactory  functions  and  the  consideration  of  the 
energy  contributions  from  the  most  important  relativistic  cor¬ 
rections.  Nowadays  these  difficulties  have  been  overcome: 
Hartree-Fock  functions  (whether  monoconfigurational-  or  mul- 
ticonfigurational)  may  be  obtained  in  a  routine  fashion  using, 
for  examp'e,  the  program  of  Fischer  (1);  and  formulations  and 
programs  exist  as  well  for  the  evaluation  of  the  SL  nonsplitting 
corrections  and  the  fine-  and  hyperfine-structure  interactions. 
(See,  e.g.,  the  work  of  Eissner  et  al.  (2),  Glass  and  Hibbert 
(3),  Glass  (4),  and  Fraga  et  al.  (5,  6)). 

As  experimental  measurements  become  more  acurate,  how¬ 
ever,  the  need  exists  to  refine  the  theoretical  results  by  consid¬ 
eration  of  interactions,  which  although  numerically  not  so 
important,  must  be  included  to  obtain  agreement  between  the 
theoretical  and  the  experimental  values. 

Such  is  the  case,  in  particular,  for  some  of  the  nuclear-mass 
dependent  interactions.  The  normal  and  specific  (7)  as  well  as 
the  relativistic  (8)  mass  corrections,  which  offered  no  diffi¬ 
culty,  have  been  included  for  a  long  time  in  atomic  calculations 
but  other  mass-dependent  corrections,  namely  the  mass- 
dependent  orbit-orbit  and  spin-orbit  interactions  have  received 
scant  attention. 

These  interactions,  first  derived  by  Stone  (9,  10),  may  also 
be  obtained  from  the  Hegstrom  Hamiltonian  (11)  as  well  as 
directly  ( 1 2)  from  the  formulation  of  Bethe-Salpeter  (7).  At  the 


numerical  level,  the  mass  dependence  of  the  fine  structure  of 
helium  and  helium-like  ions  has  been  studied  by  Douglas  and 
Kroll  (13),  Lewis  and  Serafino  (14),  and  Drake  and  Makowski 
(15,  16). 

The  purpose  of  this  work  is  to  present  the  formulation  for 
the  matrix  elements  of  the  mass-dependent  spin-orbit  interac¬ 
tion  in  a  basis  of  SL  functions  and  to  report  the  values  obtained 
for  the  ground  states  of  carbon  and  oxygen.  Those  results  show 
that  the  order  of  magnitude  of  this  interaction  is  comparable 
with  that  of  the  hyperfine-structure  effects,  thus  confirming  the 
need  for  its  consideration  in  accurate  calculations. 


Theoretical  formulation 

The  nuclear-mass  dependent  electron-spin-nucleus-orbit 
interaction  operator  may  be  written,  when  working  within  the 
centre  of  mass  system  (assumed  at  rest),  as 

tf.o  =  E  E  rp3  (*P '  [rp  *  Pc)) 

\mmj  p  a 

where  m  and  ma  are  the  electron  and  nuclear  mass;  Z  is  the 
nuclear  charge;  the  summations  over  p  and  o  extend  to  all  the 
electrons  characterized  by  the  position,  linear  momentum,  and 
spin  angular  moi  entum  vectors  r,  p,  and  s,  respectively;  and 
a  is  the  fine-structure  constant. 

In  tensor  form,  this  operator  becomes 


+  V2rp2(s<l)-(C'l)xC<TT,)<0,a(X} 
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where  the  usual  tensor  notation  has  been  used  and  CAN' J' PHYS  V0L  69’ 1991 

ft (*.*')  —  [£<*>  x 

where  0k)  represents  a  modified  spherical  harmonic  tensor  and  /“Ms  the  orbit  angular  momentum  tensor.  The  symbol  da  stands 
for  d/dra. 

The  corresponding  matrix  elements  are  given  by 

(CpSLJMjlHjC  (V  S'  L'  J'  M'j)  =  a2(  —  )  8  (A/s  ML  JMJt  Ms  ML  J'Mj)  { -  if  +  L  +  J  [(25  +  1)  (21  +  l)]1'2 

\mma) 

[(L'  M'l  10\LMl)  (S'  Ms  10|SMs)]  2  2  j  (W  {m|4„  Ms  ML  |pSL)  ({/'}  {«'  Ms  M,  |p'  S'  V) 

^  „  .  ,  ,  .  ,  f(2/;  +  D(2/;  +  in 1/2 

Zj  jj  *><,  P,J  ( - 1)"'  -  m<'  8  (m,  +  mJt  m,  +  mt)  8  (p,  p,  p,y)  p,,.  —  —  -  j 

{/;  m,  1  m,  -  m,  | /,.  m,}  [l]  m ]  Intj  -  m]  |(,my}  j  -  ^  [lj  (/y  +  1)  -  l’  0 ! \  +  1)  -  2]  R  (i,  j;  i /)  +  R'  (i,  j;  i',  /)  J 


where  ({/}  {m\L}u  Ms  ML  |pSL)  denotes  an  SL-coupling  coeffi¬ 
cient,  {/}  and  {»ip,}  stand  for  the  sets  of  quantum  numbers  /,, 
/2, . . .  /„  and  m,p,, ,  m2p,2, ....  m„p,„,  N  being  the  number  of  elec¬ 
trons,  and  nt;  and  p,-  die  orbital  and  spin  angular-momentum  z- 
component  quantum  numbers.  The  summations  over  i  and  j 
extend  to  the  spin  orbitals  and  the  summations  over  u  and  v 
extend  over  the  sets  of  quantum  numbers  {mp}.  The  coefficient 
takes  the  values  1  (for  any  i,j  if  the  two  configurations  are 
identical),  8^  (if  the  two  configurations  differ  in  the  spin  orbit¬ 
als  at  the  q  position),  htp  bJq  (if  the  two  configurations  differ  in 
the  spin  orbitals  at  the  p  and  q  positions),  and  0  (if  the  two 
configurations  differ  in  more  than  two  spin  orbitals).  P\t  stands 
for  1-Ty,  where  Ti;  denotes  the  transposition  of  the  spin  orbitals 
n]  I]  nt]  p'  and  n'j  lj  m j  p 'j .  The  symbol  8  represents  the  usual 
Kronecker  delta,  C  denotes  the  configuration,  and  P  includes 
all  the  additional  details  needed  in  order  to  completely  label  the 
sate,  while  5,  Ms,  L,  ML,  J,  and  MJy  are  the  usual  quantum 
numbers.  The  usual  notation  has  been  used  for  the  6;-symbols 
and  (Z/  Mi  10| LM),  (S'  M's  10|W5),  etc.,  represent  vector-cou¬ 
pling  coefficients  (related  to  3/-symbols);  in  addition  the 
notation 

{/'/  m'i  1  m,  -  m'i  \  /,  m}  =  (/;  m\  1  mt  -  m,  \  /,  mt) 

x  (/;•  010|/,0) 

has  been  used. 

The  radial  integrals  are  given  by: 

R(i,  j:  i'.j')  =  J  dr,  Rj(r , )  Rt  (r,)  J  r2  dr2  Rj  (r2)  R]  (r2) 

R'(‘.  ji /)  =  j  dr,  Rt(r, )  R\  (r, )  j  rj  dr2  Rj  (r2) 


where  R,  denotes  the  radial  function  of  the  orbital  n,Z,  (n,  being 
the  principal  quantum  number). 

Numerical  results 

Calculations  have  been  performed  for  the  ground  states  of 
carbon  (3P0 , 2,  A  =  11,  M  =  11.011  4333  au)  and  oxygen 
(3P2tl, o,  A  =  17,  A/  =  16.999  1333  au). 

Numerical  monoconfigurational  Hartree-Fock  functions, 
obtained  with  the  program  of  Fischer  (1),  were  used  and  the 
SL-coupling  coefficients  were  determined  using  the  program  of 
Nussbaumer  (17). 

The  splittings  obtained 
Carbon;  3P,  -  2P0  =  244.9  MHz, 

3P2  -  3P0  =  489.8  MHz 

Oxygen:  3P,  -  3P2  =  809.6  MHz, 

3P0  -  3P,  =  1619.2  MHz 

although  small  (for  which  reason  they  have  been  given  in  MHz), 
are  certainly  comparable  with,  or  even  greater  than,  the  con¬ 
tributions  of  the  hyperfine-structure  interactions. 

Therefore,  it  is  evident  that  this  interaction  should  be  included 
in  accurate  calculations  whenever  isotopic  effects  are  to  be 
studied. 
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et  l’homoginiiti  des  symboles,  des  abrivlations  et  des  termes  techniques. 
II  est  bon  de  consulter  un  numiro  de  la  revue  afin  d'en  connaitre  la  prisentation . 

II  est  possible  d’iviter  les  dilais  de  publication  en  se  conformant  aux 
directives  die  rites  cl-dessous. 

MANUSCRIT 

Giniralitis — Toutes  les  parties  du  manuscrit,  y  compris  les  notes  infra- 
paginales,  les  tableaux,  les  ligendes  des  illustrations  et  la  bibliographle, 
doivent  itre  dactylographiies  4  double  interligne,  d’un  seul  c6ti  de  feuilles 
de  papier  de  21 ,5  sur  28  cm  et  avec  marges  de  3  &  4  cm.  Le  traitement  de  texte 
par  ordinateur  est  admis  en  autant  que  tous  les  caractires,  en  particulier  les 
accents,  sont  clairement  distincts.  L’ auteur  ne  doit  souligner  que  pour  demander 
des  italiques  et  ne  se  servir  de  majuscules  que  pour  demander  des  majuscules 
dans  le  texte  imprimi;  le  soulignement  est  prifiri  aux  caractires  en  italique 
dans  le  cas  des  traitements  de  texte  par  ordinateur.  La  premiire  ligne  d'un 
paragraphe  dans  le  texte,  d’une  ligende  ou  d'une  note  infrapaginale  est  toujours 
en  retrait.  La  premiire  page  ne  doit  comporter  que  le  titre  de  l’article,  les  noms 
des  auteurs  ainsi  que  leurs  adresses  respectives  (y  compris  1'adresse  pour  le 
counier  ilectronique,  si  possible),  leurs  numiros  de  tiliphone,  de  tilex  et  de 
tilicopieur  (si  disponible),  et  toute  note  infrapaginale  qui  s’impose  L'adresse 
de  l’auteur  doit  itre  celle  de  l'itablissement  oh  les  recherches  ont  iti  effectuies. 
L'adresse  actuelle  de  I’auteur  correspondant,  si  diffirente,  doit  apparaitre  dans 
une  note  infrapaginale.  Le  numiro  approprii  de  l’lndex  de  classification  thi- 
matique  adopti  par  les  Physics  Abstracts  (voir  le  numiro  de  dicembre  du  Can. 
J.  Phys.)  doit  igalement  paraitre  sur  la  premiire  page.  Le  manuscrit  comprend, 
dans  l’ordre,  les  risumis  (sur  une  page  distincte),  la  section  Introduction,  le 
texte  principal,  les  sections  Conclusion  et  Remerciements,  puis  la  bibliogra¬ 
phic,  les  tableaux,  les  ligendes  des  figures  et  les  annexes.  Les  ligendes  des 
figures  doivent  itre  regroupies  sur  une  ou  plusieurs  feuilles  et  prisenties  par 
ordre  numirique.  Chaque  page  du  manuscrit  doit  itre  numirotie,  en  commen- 
gant  par  celle  du  titre,  au  haut  de  la  page.  Le  texte  original  dactylographii 
et  trois  copies  bien  lisibles  du  manuscrit  sont  nicessaires.  Les  photocopies 
recto-verso  ne  sont  pas  accepties. 

Le  risumi  doit  itre  pricidi  de  la  tifirence  bibliographique  complete  (une 
copie,  en  page  ditachie,  est  destinie  au  traducteur).  II  ne  doit  pas  excider  une 
page  et  doit  itre  beaucoup  moins  long  s’il  s'agit  d’une  note  ou  d'une  commu¬ 
nication.  II  ne  doit  comporter  aucune  abriviation.  Les  rifirences  y  sont 
admisi  s  seulement  si  elles  sont  absolument  essentielles  et  doivent  itre  cities 
avec  l'information  bibliographique  complete.  Tout  manuscrit  doit  itre  accom- 
pagni  d'un  risumi.  Les  auteurs  qui  peuvent  soumettre  des  risumis  dans  les 
deux  langues  officielles  du  Canada,  c’est-4-dire  en  anglais  et  en  frangais  cou- 
rants,  sont  encouragis  4  le  faire.  Les  services  de  repirage  de  (’information 
utilisent  les  titres  ainsi  que  les  risumis  dans  l'ilaboration  de  leurs  bases  de 
donnies;  ceux-ci  doivent  par  consiquent  itre  brefs  et  informatifs. 

L'introduction  doit  expliquer  en  termes  pricis  le  problime  auquel  se  rapporte 
1' article  considiri  et  exposer  les  raisons  qui  ont  ditermini  l'exicution  de  l'itude 
en  cause,  ainsi  que  sa  relation  avec  les  connaissances  existantes. 

La  conclusion  doit  mdiquer  1’importance  que  revit  l’itude  en  question  et  mettre 
en  lumiire  la  contribution  4  1’ensemble  des  connaissances. 

Les  rifirences  bibliographiques  doivent  itre  virifiies  aupris  des  publications 
originates.  Dans  la  bibliographle,  elles  doivent  itre  classies  par  ordre  numi¬ 
rique  de  mention  dans  le  texte.  La  prisentation  doit  suivre  les  numiros  ricents 
de  la  revue.  Exemples  : 

1.  C.  LAFORferetD.  Lapunte.  Ann.  Soc.Sci.  Bruxelles,  Ser.  1,74,50(1979). 

2.  A.  R.  Singh.  Nuclear  data  tables.  Dans  Review  of  nuclear  science.  Vol.  2, 
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tditeurs  :  S.  Hall  et  C.  Stem.  Academic  Press,  New  York.  1979.  p.  25- 
40. 

3.  L.  Cagniard,  P.  Lavoie  et  N.  Giroux  (iditeurs).  Rifiection  et  rifraction 
des  ondes  siismiques  progressives.  Gauthier-Villard,  Paris,  1979. 

4.  L.  Robin.  Dans  Compte  rendu  de  la  10*  Confirence  intemationale  sur  les 
mitaux  et  alliages  liquides.  Paris,  8  au  16  juin  1977.  iditeur  :  G.  Lott. 
Masson  et  Ck,  Paris,  p.  12. 

A  noter  que  seulement  la  page  initiate  du  domaine  de  pagination  est  indiquie 
dans  le  cas  des  articles.  Le  titre  d'une  revue  doit  itre  abrigi  conformiment  4 
CASSl  (Chemical  Abstracts  Service  Source  Index,  idition  1984etsuppliments, 
Chemical  Abstracts  Service,  P.O.  Box  3012,  Columbus,  OH  43210).  En  cas 
de  doute,  les  auteurs  doivent  icrire  le  nom  de  la  revue  au  complet.  Les  rapports 
qui  ne  sont  pas  encore  approuvis  pour  publication  et  les  communications  per- 
sonnelles  ne  font  pas  partie  de  la  bibliographic  et  ne  doivent  itre  mentionnis 
qu’en  notes  infrapaginales  ou  entre  parenthises  dans  le  texte,  en  spicifiant  les 
noms  de  tous  les  auteurs  el  leurs  initiates.  L’auteur  doit  s'assurer  que  toute 
rifirence  est  complite  et  exacte;  il  lui  incombe  de  virifier  que  les  articles  «  sous 
presse  »  ont  iti  acceptis  pour  fins  de  publication  dans  la  revue  citie  et  de 
donner  le  numiro  de  volume,  la  page  initiate  et  l'annie  de  publication,  lorsque 
disponibles,  lors  du  renvoi  des  ipreuves  en  placards.  Dans  le  texte,  les  rifi¬ 
rences  doivent  itre  signalies  4  I'aide  des  numiros  clis  inscrits  sur  la  ligne, 
entre  parenthises. 

L’orthographe  doit  suivre  Le  Robert.  Les  auteurs  sont  responsables  de  l’uni- 
formiti  de  l’orthographe  dans  l'ensemble  du  texte.  Les  accents  doivent  itre 
insiris  sur  les  majuscules. 

La  nomenclature,  tes  abrivlations  et  les  symboles  de  grandeurs  et  d’unitis 
de  mesure  doivent  itre  conformes  aux  recommandations  Internationales, 
entre  autres  celles  de  l'Union  intemationale  de  physique  pure  et  appliquie  et 
de  l'Union  intemationale  de  chimie  pure  et  appliquie.  II  faut  se  servir  du  Sys- 
time  international  d’unitis  ou  au  moins  en  indiquer  tes  iquivalents.  Ce  sys- 
time  est  dicrit  dans  le  Guide  de  familiarisation  au  systime  mitrique  publii  en 
1980  par  l'Association  canadienne  de  normalisation  (178,  boulevard  Rexdale, 
Rexdale  (Ontario),  Canada  M9W  1R3)  et  dans  le  Guide  des  unites  SI  publii 
en  1982  par  le  Service  des  communications,  Centre  de  recherche  industrielle 
du  Quibec  (333,  me  Franquet,  C.P.  9038,  Sainte-Foy  (Quibec),  Canada 
G1V  4C7).  Les  abrivlations  et  les  sigles  des  noms  de  substances,  de  pro- 
cidis,  d’organisations,  etc.,  doivent  itre  diflnis  la  premiire  fois  qu’ils  sont 
utilises.  Les  abriviations  4  significations  multiples  sont  4  iviter.  Les  symboles 
et  tes  caractires  grecs  ou  d’usage  peu  ripandu  doivent  itre  identifiis  clai¬ 
rement;  les  indices  supirieurs  et  infirieurs  doivent  itre  lisibles  et  correcte- 
ment  placis  ou  indiquis. 

Les  notes  infrapaginales  sont  numiroties  de  fagon  continue  tout  au  long  du 
texte.  Les  appels  de  notes  sont  disignis  par  des  chiffres  arabes  supirieurs  (sauf 
dans  tes  tableaux)  alors  que  tes  notes  en  bas  de  pages  sont  pricidies  d'un  chiffre 
inscrit  sur  la  ligne  et  suivi  d’un  point.  Chaque  note  doit  figurer  au  bas  de  la 
page  oh  elle  est  signalie.  Aucune  note  infrapaginale  ne  doit  apparaitre  dans 
la  bibliographle. 

Les  iquations  doivent  itre  dactylographiies  clairement,  4  triple  interligne,  et 
identiflies  par  des  numiros  placis  entre  crochets  alignis  sur  la  marge  de  gauche. 
Tous  les  caractires  de  I’alphabet  latin  doivent  itre  dactylographiis.  Si  une 
machine  4  icrire  avec  tes  caractires  grecs  et  tes  symboles  mathimatiques  spi- 
ciaux  n’est  pas  disponible,  ceux-ci  peuvent  itre  icrits  4  main  levie  mais  une 
liste  d'identification  doit  itre  foumie.  Les  manuscrits  dont  les  iquations  sont 
illisibles  seront  retournis  aux  auteurs  pour  itre  redactylographiis. 

Les  tableaux  doivent  itre  numirotis  de  fagon  continue  en  chiffres  arabes, 
comporter  un  titre  bref  et  itre  mentionnis  dans  le  texte  bien  que  tous  leurs 
iliments  doivent  itre  mtelligibles  en  eux-mimes.  Toute  '-‘'ormation  contenue 
dans  tes  tableaux  doit  itre  dactylographiie  4  double  interligne,  sauf  tes  iqua¬ 
tions  mathimatiques  ou  chimiques,  tes  structures  chimiques  ou  tes  entries 
complexes,  qui  doivent  itre  dactylographiies  4  triple  interligne.  Chaque  tableau 
doit  itre  dactylographii  sur  une  page  distincte.  Les  tableaux  comprenant  plus 
d’une  page  doivent  itre  identifiis  clairement  sur  chacune  des  pages.  Les  des- 
enpteurs  et  tes  notes  descriptives  infrapaginales  doivent  itre  brefs.  Les  tableaux 
ne  doivent  pas  contemr  de  lignes  verticales,  ni  de  lignes  horizontales  super¬ 
flues.  Les  auteurs  sont  priis  de  consulter  un  numiro  ricent  de  la  revue  pour  la 
prisentation  et  le  lignage.  Les  notes  infrapaginales  doivent  itre  signalies  par 
des  symboles  (*,t,t,§,||,1i,  )  ou  des  lettres  minuscules  supirieures  en  italique. 
Une  note  descriptive  qui  n’est  pas  introduite  par  un  appel  de  note  peut  itre 
inscrite  au  bas  du  tableau  4  titre  de  Nota. 
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La  documentation  compldmentaire,  telle  que  les  grands  tableaux,  les  calculs 
ddtaillds  et  les  illustrations  en  couleur,  est  verede  au  Ddpdt  des  donndes  non 
pvblides  du  Conseil  national  de  recherches  du  Canada.  Le  travail  des  exami- 
nateurs  et  de  la  redaction  se  trouverait  parfois  facility  par  la  presentation  de 
telies  donndes.  Les  auteurs  qui  ddsirent  utiiiser  ce  service  doivent  soumettre 
ieur  document  au  complet  et  indiquer  les  parties  dont  ils  demandent  le  ddpdt. 
Le  directeur  scientifque  peut  exiger  que  certaines  parties  d'un  article  soient 
ddposdes.  Toute  donnde  deposde  fait  l’objet  d'une  note  infrapaginale  4  la  sec¬ 
tion  appropride  du  document.  Des  copies  des  donndes  ddposdes  peuvent  dtre 
obtenues  contre  paiement  en  s’adressant  au  Ddp6t  des  donndes  non  publides, 
ICIST,  Conseil  national  de  recherches  du  Canada,  Ottawa  (Ontario),  Canada 
K1A  0S2. 

Droits  de  reproduction  —  L’ auteur  d'un  article  qui  utilise  de  la  documentation 
(tableaux,  figures,  etc.)  protdgde  par  les  droits  d’auteur  doit  obtenlr  une  per¬ 
mission  dcrite  du  titulaire  de  ces  droits  d’auteur  et  ia  presenter  au  directeur 
scientifique  avant  la  publication. 

ILLUSTRATIONS 

Gdndralltds — Chaque  figure  ou  groupe  de  figures  doit  etre  prdpard  de  manure 
&  occuper  une  ou  deux  colonnes  du  texte.  Les  dimensions  finales  et  maximales 
d’une  illustration  sur  une  colonne  sont  de  8,9  x  24  cm,  et  18,4  x  24  cm  pour 
une  illustration  sur  deux  colonnes.  Les  figures  sont  numdrotdes  en  chiffres 
arabes  selon  leur  ordre  de  mention  et  doivent  dtre  annoncdes  dans  le  texte  bien 
que  tous  leurs  dldments  doivent  dtre  inteiligibles  en  eux-mdmes.  Les  termes, 
les  abrdviations  et  les  symboles  utilisds  dans  les  figures  doivent  dtre  les  mdmes 
que  ceux  apparaissant  dans  le  texte.  Seuls  les  ddtails  essentiels  doivent  dtre 
identifids;  l'information  plus  ddtaillde  doit  dtre  donnde  dans  la  Idgende.  Chaque 
illustration  doit  dtre  identifide,  de  prdfdrence  au  bas,  4  gauche,  par  le  numdro 
de  la  figure  et  les  noms  des  auteurs.  Les  illustrations  ne  doivent  pas  dtre  plides 
lore  de  leur  envoi .  Les  auteurs  doivent  se  rappeler  que  les  illustrations  de  grande 
dimension  sont  difficiles  4  mampuler  et  qu'elles  sont  souvent  endommagdes 
en  coure  de  route. 

Les  dessins  au  trait  originaux  et  trois  sdries  de  copies  de  bonne  qualitd  sont 
exigds.  Lorsque  les  dessins  excddent  23  x  30  cm,  l’original  n’est  pas  requis; 
il  suffit  de  prdsenter  quatre  sdries  de  photographies  de  bonne  qualitd,  rdduites 
aux  dimensions  d’une  illustration  sur  deux  colonnes.  Les  dimensions  des  ori¬ 
ginaux  ne  doivent  pas  excdder  le  triple  de  celles  des  reproductions  ddfinitives. 
Des  photocopies  ne  peuvent  dtre  substitutes  aux  originaux.  Les  dessins  doivent 
dtre  exdcutds  4  l’encre  de  Chine  noire  sur  papier  blanc  uni  ou  lignd  bleu  de 
ptemidre  qualitd,  de  prdfdrence  du  papier  vdlin.  Toutes  les  lignes  de  coordon- 
ndes  apparentes  doivent  dtre  traedes  &  la  rdgle.  L’dpaisseur  des  lignes  doit  dtre 
suffisante  pour  que  la  reproduction  soit  nette;  les  signes  ddcimaux,  points  de 
ponctuation,  pointillds,  etc.,  doivent  dtre  suffisamment  marquds  pourpermetue 
la  rdduction  ndeessaire.  Les  lettres,  les  chiffres  et  les  symboles  doivent  dtre 
composds  soigneusement  &  l’aide  d’un  normographe,  de  gabarits  de  tra;age  ou 
de  feuilles  de  lettrage  k  transfert  direct  (pas  &  la  machine  A  dcrire,  ni  k  1’aide 
d’une  Imprimante  par  points  produisant  des  caractdres  irrdguliers,  ni  i 
main  Ievde);  leurs  dimensions  doivent  dtre  telies,  qu'aprds  rdduction,  la  hauteur 
du  plus  petit  caractdre  ne  soit  pas  infdrieure  k  1,5  mm.  Le  mdme  type  de 
lettrage  (fonte  et  dimension)  doit  dtre  utilisd  pour  toutes  les  figures  de 
mdme  dimension  d’un  article.  On  doit  veilier  d  proportionner  les  dessins  et 
le  lettrage  de  fa$on  d  pouvoir  leur  appliquer  le  mdme  pourcentage  de  rdduction 
Ne  pas  utiiiser  de  caractdres  gras  ou  dpais  qui  ont  tendance  d  se  refermer  lore 
de  la  rdduction,  ni  de  symboles  peu  courants  que  I'imprimeur  pourrait  avoir  de 
la  difficultd  d  reproduire  dans  Ia  Idgende  (utiiiser  plutdt  des  cercles,  des  carrds 
et  des  triangles  vides  et  pleins  ainsi  que  des  caractdres  sans  empattement,  avec 
zdros  sans  barre  oblique).  Les  symboles  et  les  caractdres  plus  complexes  doi¬ 


vent  dtre  incoipotds  dans  une  Idgende  concise  d  mdme  l’illustration.  Les  gra- 
phiques  produits  par  ordinateur  sont  acceptds  d  u.  'ndition  qu’ils  rdpondent 
aux  critdres  de  prdcision  mentionnds  prdcddemmenf '  s  originaux  (non  pas  des 
photocopies)  doivent  dtre  soumis  en  mdme  temps  q"  •  le  manuscrit  afm  de 
permettre  au  directeur  scientifique  de  juger  de  leur  quaiud. 

Les  photographies  doivent  dtre  foumies  en  quatre  exemplaires  :  I’un  d’entre 
eux  sera  montd  sur  carton  Idger,  prdt  pour  la  reproduction;  les  trois  autres 
peuvent  dtre  des  reproductions  photographiques  de  l’exemplaire  montd  sur  car¬ 
ton  et  servent  d  1’dvaluation.  Les  dpreuves  doivent  dtre  de  premidre  qualitd, 
avec  contrastes  bien  marquds,  et  tirdes  sur  du  papier  glacd.  Les  copies  destindes 
d  la  reproduction  doivent  dtre  rogndes  de  faqon  d  ne  laisser  paraitre  que  les 
dldments  essentiels  et  doivent  dtre  montdes  sur  carbon  blanc  en  ne  laissant 
aucun  espace  entre  les  photographies  constituant  une  mdme  illustration.  Une 
photographie  ou  un  groupe  de  photographies  doit  dtre  prdpard  de  manidre  d 
occuper,  sans  rdduction  suppldmentaire,  une  ou  deux  colonnes  du  texte.  On 
dvitera  les  pertes  de  ddtail  et  de  contraste  inhdrentes  au  proeddd  d’imprimerie 
en  agen;ant  le  contraste  et  la  densitd  de  toutes  les  photographies  montdes  sur 
une  mdme  planche.  Si  une  figure  est  formde  d’une  demi-teinte  et  d'un  dessin 
au  trait,  la  photographie  originate  doit  due  montde  avec  I’original  du  dessin; 
on  ne  doit  pas  envoyer  de  photographie  de  l’ensemble.  Dans  le  cas  des  micro¬ 
graphies  dlectroniques  et  des  photomicrographies,  le  grandissement  doit  due 
indiqud  et  nous  recommandons  l’ajout  d’une  dchelle  graphique  sur  les 
photographies. 

Les  illustrations  en  couleur  doivent  due  soumises  it  I’approbation  du  directeur 
scientifique  qui  jugera  de  la  ndcessitd  d’utiliser  la  couleur.  Les  auteurs  devront 
ddfrayer  les  cohts  que  cela  entralne  et  se  conformer  4  d’auues  dispositions 
que  Ton  peut  connaitre  en  s’adressant  au  Service  de  publication. 

La  publication  Illustrating  Science  :  Standards  for  Publication  (1488)  du  Coun¬ 
cil  of  Biology  Editors,  Inc.  (Bethesda,  MD  208 14)  fournit  des  directives  quant 
4  la  publication  des  illustrations  dans  les  revues  et  les  livres  scientifiques.  Nous 
la  recommandons  pour  la  prdparation  des  dessins,  des  graphiques,  des 
cartes,  des  graphiques  sur  ordinateur  et  des  demi-teintes,  qui  y  est  clairement 
expliqude  et  illustrde.  de  mdme  que  ie  proeddd  de  quadrichromie. 

PROCESSUS  DE  PUBLICATION 

Soumission  —  Les  auteurs  doivent  prdsenter  leur  manuscrit  au  directeur  sciei. 
tifique  associd  approprid  (voir  page  i  de  chaque  numdro).  Une  fois  le  manuscrit 
acceptd,  toute  correspondence  se  fera  entre  l’auteur  correspondent  et  le  Service 
de  publication  4  Ottawa,  dont  I’adresse  se  trouve  au  verso  du  plat  supdrieur  de 
cheque  numdro. 

dpreuves  en  placard  —  Une  dpreuve  en  placard,  des  dpreuves  des  illustra¬ 
tions,  une  copie  du  manuscrit  corrigd  et  un  bon  de  commande  de  tirds  4  part 
sont  envoyds  4  l’auteur.  Les  dpreuves  en  placard  doivent  etre  relues  atten- 
tivement,  car  elles  ne  sont  pas  corrigdes  par  le  Service  de  publication;  elles 
doivent  en  outre  etre  retoumdes  dans  les  48  heures  suivant  leur  rdeeption.  Au 
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